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Early Earth

The Earth’s mantle initially formed a magmasphere

Accretion (no radiation: 3.75x10° K, full radiation: 70 K)
Core segregation: AT ~ 1700 K

Moon forming impact: Tgpa ~ 7000 K

Short lived isotopes (Al K, ...)
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Crystallization process

Onset of crystallization is
given by intersection of the
adiabat with the liquidus
of magmasphere. Lateral
variations are important
too.
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Rheological transition lies
between the solidus and the
liquidus (dashed curve).
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From Solomatov (2015), ToG
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Fractional vs equilibrium crystallization
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Figure 8 The crystal size during the early stages of crystallization of the
magma ocean (assuming that it is controlled by nucleation in the
downwelling flow) and the critical crystal size for suspension are shown
as functions of the heat flux. The width of the curves (gray bands)
represents the uncertainty range of one arder of magnitude.
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Magma dynamics

Governing equations
du+ (u-Vu = —Vp/po+vViu—aofT - Tog,

V-u = 0,
2:T+(u-V)T = kV?T.
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Non-dimensionalization
X=x/H
U=u/Ur with Ur=+/agATH
0=(T—Ty)/AT

P
U+ (U-V)U = —VP+\/R—;V2U+92
V-U = 0
1
9.0+ (U-V) = V20
( ) v PrRa

v v 1
\/ mgATH3 VogATHH — UsH — Re
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Ra of magma ocean

For the Rayleigh number one gets roughly (n = 0.1 Pa s)

agATH?® 5107°.9.8-1-2.89%-10'®

~ 10%".
KV 5.10—7.2.5.10-°

Ra =

and the Prandtl number Pr = v/k ~< 5,50 >.

A similar problem is faced in the MHD community when dealing
with core dynamics.
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Macroscale simulations
(e.g. conventional CFD)
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Mesoscale simulations
(e.g. LBM)

Microscale simulations
(e.g. MD)
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Fig. 1.3 The hierarchy of length and time scales in typical fluid dynamics problems. Depending
on the level of details required, different simulation techniques are suitable

From Kruger et al. 2017 book: LBM principles and practice
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Lattice gas automaton

m
p(x,t):v—oz:n;(x,t) pu(x,t) = ch,xt

i
vp is the volume of a node, m the mass of particles, c; particle
velocity, n; is the occupation number (either 1 or 0)
Collision: n*(x, t) = ni(x, t) + Q;(x, t) with Q; € —1,0,1
Streaming: nj(x + cjAt, t + At) = n¥(x, t)
Evolution of the occupation number:

ni(x + cjAt, t + At) = nij(x, t) + Qj(x, t)
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Lattice gas automaton

(a) VAR (b)

The Lattice RSN A TN RO
Boltzmann [ A P S P
Method NN

Princples and Practce - 1y \ ol - -

Conservation of mass and momentum

ZQ,’(X, t)=0 ZQ,’C/(X, t)=0 (1)
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Boltzmann equation

The distribution function f(x, €, t):
plx.t) = [ Flx.€ ) 0%
plx, thu(x, 1) = [ €F(x.€,0)d%
px, DE 0) = 5 [ 6P (x. €, 0) 0%
plx,t)e(x.6) = 5 [ IWPF(x, €, 0) 0%

with v:=§&—u
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Boltzmann equation

By looking at how f changes along the trajectory of a particle

x=x(t) = f(x,& t)=F(x(t),&(t), t)=rf(t):
df of \ dt of \ dx of \ d¢
i)t o) a (e) % @

the Boltzmann equation is obtained:

of of  Fg of

- — 4+ =Q(f 3

5 65+ g, = ) ()
which is a partial differential equation for the evolution of f.
Notice the similarity between (3) and the equation for the
evolution of occupation number n; in lattice gas models.
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Mass conservation

From the microscopic conservation laws

/Q(f) 3¢=0

one can derive macroscopic conservation laws for the fluid,

6 3 3 af 3¢ 3
m/fdu/s fd£+— agﬁdf—/ﬂ(f)dé“,

which gives the mass conservation law

dp  Opug of 3
8t+ O =0 Dbecause 8£5d £E=0
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Momentum conservation

Similarly, from the microscopic (collision) momentum conservation

[eanae=o
one can derive macroscopic momentum conservation:

o) o) 0 [,
9 [ vrdierE, (s
ot | ox Oxg | Vet TEH “)

if the first RHS term is identified with the Cauchy stress tensor

9]
Oap = —M/vav[gfd%“. (5)

The same can be done also for energy conservation, with heat flux
defined as g5 = —3 [ v2vaf d3¢
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Equilibrium distribution

We may assume that the distribution function will reach an

equilibrium distribution ¢4, isotropic in the velocity space around

& = u and separable. In a reference frame moving with speed u:
2 2 2 2 € 2\ re 2\ ce 2

feq(’\” ) = feq(vx + Vy + Vz) = fl]g(vx) fl]g(vy) fl]()l(vz)
This alone is quite restrictive, with a solution
lv|=const = f9=const = Inf3(v2)=a+ bv?

feq(|v|) — e3a ebv2

and upon requiring the moments of f to give the density,
momentum, energy of the fluid (by definition of f),

3 2 3 2
eq — H 2 a3 /4e eq _ —3(v—u)?/4e
FeI(x, |v], t) Pra® = (x,|v],t) = p—ece

i.e. the Maxwell-Boltzmann distribution
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Euler equations
Exercise: assume that f ~ f°4 and EOS of ideal gas (p = %pe)

o) | D) 0 [
=% [ v+ Fa
ot + D5 x5 vavgf d°€ + (6)

gives

i/3pVaV5 d3§ — (3pe) = a(pua)_'_a(puauﬁ) _ ap +Fa

Oxg 4re OXq ot xg  Oxa

Similarly, the energy conservation obtains the form

d(pe) | O(peug) _ dug
ot + 8x5 - p8Xg (7)

That means that viscous dissipation and thermal diffusivity are
linked to dynamics of locally reaching the equilibrium distribution
f— fed
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Chapman-Enskog theory

Performing perturbation theory on the Boltzmann equation:

of  pof Fsof 1 _Lop fea
Gt e =) (= —H-r) @)

with € being the Knudsen number, Kn = mfp//. Taylor expansion
of the solution f = f(¢)

f=faqef® 4 2R 4

BGK Collision operator

Q(f) := —%(f—feq)
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By inserting into eq. (8) and equating the same orders of ¢, one
gets, under approximation

Oap = —(f(ﬂ / Vavg(Fed + F1)) d3¢ (9)
that the Cauchy stress is equal to
o =—pl—(pr)(Vu+ (Vu)h)

In other words, NVS are recovered, the viscosity being n = pr.
Thermal diffusivity is related to the relaxation time as k = Rpr.

Higher order gives Burnett model, ...
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lattice Boltzmann equation

Recall lattice gas automaton

p(x,t) = ﬂZ:n,-(x7 t) pu(x,t) Zc ni(x, t)
Vo

ni(x + c;At, t + At) = nij(x, t) + Qj(x, t)

By discretizing the Boltzmann equation one gets (LBE)

p(x,t):Zf;(x,t) pu(x,t) = Zcfxt

A
F(x+ it E+ At) = fi(x, ) + —(F(x, ) — £(x, £))
T
. )2
U 1) = wip (14 OC (uc))® wuu
i (x.1) Wp< tat a2
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Discretization of the distribution function
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Hermite polynomials

3.4.3.1 Definition and Construction of Hermite Polynomials

1D HPs are polynomials which can be obtained from the weight finction (also called
the generating function

w(x) = \/%a"‘lﬂ. (3.22)

This weight function w(x) allows us to construct the 1D HP of n-th order as

d?
H(m(r) = (- l)"ﬁﬁ o(x) (323)

where n = 0 is an integer. The first six of these polynomials are
HO%) =1. HY(x) =x,
H®(x) =x* -1, H®(x) = x> = 3x, (3.24)

HYx) =x—6x>+3, HO®G@) =2 — 10x° + 15x.
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Hermite polynomials

Let us now apply the Hermite series expansion in (3.38) to the equilibrium
distribution function f*9 in &-space:

S (pu.b.§) = w(;)Z a4 (p.u.6) - HV(§).
n=o " (3.39)

a4 (p,u,0) = f 79 (p.u.0.8) H™ () d'%.

The substitution § = (§ — u)/+/8 yields
a™ed = pf ﬂ)(?})H(”)(\/_n )dd (3.42)
These integrals can be directly computed, for example with the help of mathematical

software packages:

a®ea = .

a™* = pug,
(3.43)

ﬁ’] = p (uatg + (8 — 1)dyg) .

a(ﬁ;th =p I:uuuﬁuy + (6 — 1)( apity + Opytie + byuuﬁ)]
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Maxey-Riley

dv Du 1
== 4~ (u— 1— 10
= Ope )+ (1= e (10)
The parameters in this equation of motion are:

B = 3pfr/(pf + 2pp) the modified density ratio

7p = R?/(3v3) where R is the particle radius

v _ DU,
dr " Dr

L

s, (U-V)+n (11)

with the dimensionless control parameters:

B =3ps/(pr +2pp)
Sty = TD/TH = Rz\/agT/(?)l/ﬁ\/ﬁ)
A=(5-1)/(atT)
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Results - big particles
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Results - small particles
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Results - rescaled by terminal velocity
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Results - bubble capture

% of particles settled
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