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Early Earth
The Earth’s mantle initially formed a magmasphere

• Accretion (no radiation: 3.75×105 K, full radiation: 70 K)

• Core segregation: ∆T ∼ 1700 K

• Moon forming impact: Tfinal ∼ 7000 K

• Short lived isotopes (Al, K, ...)
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Crystallization process

From Solomatov (2015), ToG

Onset of crystallization is
given by intersection of the
adiabat with the liquidus
of magmasphere. Lateral
variations are important
too.

Rheological transition lies
between the solidus and the
liquidus (dashed curve).
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Fractional vs equilibrium crystallization
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Magma dynamics

Governing equations

∂tu + (u · ∇)u = −∇p/ρ0 + ν∇2u− α(T − T0)g,

∇ · u = 0,

∂tT + (u · ∇)T = κ∇2T .
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Non-dimensionalization

X = x/H

U = u/Uf with Uf =
√
αg∆TH

θ = (T − T0)/∆T

∂τU + (U · ∇)U = −∇P +

√
Pr

Ra
∇2U + θẑ

∇ ·U = 0

∂τθ + (U · ∇)θ =
1√
PrRa

∇2θ

√
Pr

Ra
=

√
ννκ

καg∆TH3
=

ν√
αg∆THH

=
ν

Uf H
=

1

Re
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Ra of magma ocean

For the Rayleigh number one gets roughly (η = 0.1 Pa s)

Ra =
αg∆TH3

κν
=

5·10−5 · 9.8 · 1 · 2.893 · 1018

5·10−7 · 2.5·10−5
' 1027.

and the Prandtl number Pr = ν/κ '< 5, 50 >.

A similar problem is faced in the MHD community when dealing
with core dynamics.
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CFD

From Kruger et al. 2017 book: LBM principles and practice
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Lattice gas automaton

ρ(x, t) =
m

v0

∑
i

ni (x, t) ρu(x, t) =
m

v0

∑
i

cini (x, t)

v0 is the volume of a node, m the mass of particles, ci particle
velocity, ni is the occupation number (either 1 or 0)

Collision: n∗i (x, t) = ni (x, t) + Ωi (x, t) with Ωi ∈ −1, 0, 1

Streaming: ni (x + ci ∆t, t + ∆t) = n∗i (x, t)

Evolution of the occupation number:

ni (x + ci ∆t, t + ∆t) = ni (x, t) + Ωi (x, t)
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Lattice gas automaton

Conservation of mass and momentum∑
i

Ωi (x, t) = 0
∑

i

Ωici (x, t) = 0 (1)
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Boltzmann equation

The distribution function f (x, ξ, t):

ρ(x, t) =

∫
f (x, ξ, t)d3ξ

ρ(x, t)u(x, t) =

∫
ξf (x, ξ, t)d3ξ

ρ(x, t)E (x, t) =
1

2

∫
|ξ|2f (x, ξ, t) d3ξ

ρ(x, t)e(x, t) =
1

2

∫
|v|2f (x, ξ, t) d3ξ

with v := ξ − u
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Boltzmann equation

By looking at how f changes along the trajectory of a particle
x=x(t) ⇒ f (x, ξ, t)=f (x(t), ξ(t), t)=f (t):

df

dt
=

(
∂f

∂t

)
dt

dt
+

(
∂f

∂xβ

)
dxβ
dt

+

(
∂f

∂ξβ

)
dξβ
dt

(2)

the Boltzmann equation is obtained:

∂f

∂t
+ ξβ

∂f

∂xβ
+

Fβ
ρ

∂f

∂ξβ
= Ω(f ) (3)

which is a partial differential equation for the evolution of f .
Notice the similarity between (3) and the equation for the
evolution of occupation number ni in lattice gas models.
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Mass conservation

From the microscopic conservation laws∫
Ω(f ) d3ξ = 0

one can derive macroscopic conservation laws for the fluid,

∂

∂t

∫
f d3ξ +

∂

∂xβ

∫
ξβf d

3ξ +
Fβ
ρ

∫
∂f

∂ξβ
d3ξ =

∫
Ω(f )d3ξ,

which gives the mass conservation law

∂ρ

∂t
+
∂ρuβ
∂xβ

= 0 because

∫
∂f

∂ξβ
d3ξ = 0
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Momentum conservation

Similarly, from the microscopic (collision) momentum conservation∫
ξΩ(f )d3ξ = 0

one can derive macroscopic momentum conservation:

∂(ρuα)

∂t
+
∂(ρuαuβ)

∂xβ
= − ∂

∂xβ

∫
vαvβf d

3ξ + Fα (4)

if the first RHS term is identified with the Cauchy stress tensor

σαβ = − ∂

∂xβ

∫
vαvβf d

3ξ. (5)

The same can be done also for energy conservation, with heat flux
defined as qβ = −1

2

∫
v2αvβf d

3ξ
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Equilibrium distribution
We may assume that the distribution function will reach an
equilibrium distribution f eq, isotropic in the velocity space around
ξ = u and separable. In a reference frame moving with speed u:

f eq(|v|2) = f eq(v2x + v2y + v2z ) = f eq
1D(v2x ) f eq

1D(v2y ) f eq
1D(v2z ).

This alone is quite restrictive, with a solution
|v|=const ⇒ f eq = const ⇒ ln f eq

1D(v2x ) = a + bv2x

f eq(|v|) = e3a ebv2

and upon requiring the moments of f to give the density,
momentum, energy of the fluid (by definition of f ),

f eq(x, |v|, t) = ρ
3

4πe
e−3v2/4e ⇒ f eq(x, |v|, t) = ρ

3

4πe
e−3(v−u)2/4e

i.e. the Maxwell-Boltzmann distribution
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Euler equations
Exercise: assume that f ' f eq and EOS of ideal gas (p = 2

3ρe)

∂(ρuα)

∂t
+
∂(ρuαuβ)

∂xβ
= − ∂

∂xβ

∫
vαvβf d

3ξ + Fα (6)

gives

∂

∂xβ

∫
3ρvαvβ

4πe
e

−3v2

4e d3ξ =
∂( 2

3ρe)

∂xα
⇒ ∂(ρuα)

∂t
+
∂(ρuαuβ)

∂xβ
= − ∂p

∂xα
+Fα

Similarly, the energy conservation obtains the form

∂(ρe)

∂t
+
∂(ρeuβ)

∂xβ
= −p

∂uβ
∂xβ

(7)

That means that viscous dissipation and thermal diffusivity are
linked to dynamics of locally reaching the equilibrium distribution
f → f eq
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Chapman-Enskog theory

Performing perturbation theory on the Boltzmann equation:

∂f

∂t
+ ξβ

∂f

∂xβ
+

Fβ
ρ

∂f

∂ξβ
=

1

ε
Ω(f )

(
= −1

τ
(f−f eq)

)
(8)

with ε being the Knudsen number, Kn = lmfp/l . Taylor expansion
of the solution f = f (ε)

f = f eq + εf (1) + ε2f (2) + ..

BGK Collision operator

Ω(f ) := −1

τ
(f−f eq)
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Chapman-Enskog

By inserting into eq. (8) and equating the same orders of ε, one
gets, under approximation

σαβ = − ∂

∂xβ

∫
vαvβ(f eq + f (1))d3ξ (9)

that the Cauchy stress is equal to

σ = −p I− (pτ)(∇u + (∇u)T)

In other words, NVS are recovered, the viscosity being η = pτ .
Thermal diffusivity is related to the relaxation time as κ = Rpτ .

Higher order gives Burnett model, ...
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lattice Boltzmann equation

Recall lattice gas automaton

ρ(x, t) =
m

v0

∑
i

ni (x, t) ρu(x, t) =
m

v0

∑
i

cini (x, t)

ni (x + ci ∆t, t + ∆t) = ni (x, t) + Ωi (x, t)

By discretizing the Boltzmann equation one gets (LBE)

ρ(x, t) =
∑

fi (x, t) ρu(x, t) =
∑

ci fi (x, t)

fi (x + ci ∆t, t + ∆t) = fi (x, t) +
∆t

τ
(fi (x, t)− f eq

i (x, t))

f eq
i (x, t) = wiρ

(
1 +

u·ci

c2s
+

(u·ci )
2

2c4s
− u·u

c2s

)



Magmasphere LBM Chapman-Enskog Maxey-Riley

Discretization of the distribution function
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Hermite polynomials
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Hermite polynomials
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Maxey-Riley

dv

dt
= β

Du

Dt
+

1

τD
(u− v) + (1− β)g (10)

The parameters in this equation of motion are:

β = 3ρf /(ρf + 2ρp) the modified density ratio

τD = R2/(3νβ) where R is the particle radius

dV

dτ
= β

DU

Dτ
+

1

StH
(U− V) + Λẑ (11)

with the dimensionless control parameters:

β = 3ρf /(ρf + 2ρp)

StH = τD/τH = R2
√
αg∆T/(3νβ

√
H)

Λ = (β − 1)/(α∆T )
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Results - big particles
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Results - small particles
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Results - rescaled by terminal velocity
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Results - bubble capture
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