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Abstract We propose a method for determining the
possible magnitude of a potentially largest induced seis-
mic event derived from the Gutenberg—Richter law and
an estimate of total released seismic moment. We em-
phasize that the presented relationship is valid for in-
duced (not triggered) seismicity, as the total seismic
moment of triggered seismicity is not bound by the
injection. The ratio of the moment released by the larg-
est event and weaker events is determined by the con-
stants @ and b of the Gutenberg—Richter law. We show
that for a total released seismic moment, it is possible to
estimate number of events greater than a given magni-
tude. We determine the formula for the moment magni-
tude of a probable largest seismic event with one occur-
rence within the recurrence interval (given by one vol-
umetric change caused by mining or injecting). Finally,
we compare theoretical and measured values of the
moment magnitudes of the largest induced seismic
events for selected geothermal and hydraulic fracturing
projects.
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1 Introduction

The volumetric changes in underground (e.g., fluid in-
jection, gas or rock extraction) can trigger or induce
micro-earthquakes of variable magnitudes (e.g., Rutledge
and Phillips 2003; Mahrer et al. 2005; Eisner et al. 2011;
Lasocki and Orlecka-Sikora 2008). Such seismicity can
be very complex because of the combination of accumu-
lated regional stress on fault systems and physical com-
munication (e.g., fluid flow, pressure-front propagation,
stress transfer, etc.) between parts of such a system
(McGarr 1976; Barton et al. 1995; Hickman et al. 1997;
Blewitt et al. 2002). At the same time, limitations on
induced seismic events may be well-estimated as the
injected energy is known and the affected volume is
limited (McGarr 1976, and references therein; Shapiro
et al. 2010).

The goal of this study is to provide a realistic estimate
of the maximum induced, but not triggered, event mag-
nitude from an anticipated total seismic moment (scalar
value of released seismic moment) and the ratio between
the number of large and small events (Gutenberg—Rich-
ter law). This approach is valid only for induced seismic
events, as the triggered events can be significantly larger
(Dahm et al. 2013; Shapiro et al. 2013). In other words,
we focus on cases where the seismic energy released by
the induced events is relatively higher than that for
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triggered events as have been observed in numerous
case studies discussed in public domain (e.g., McGarr
1976; Baisch et al. 2009a; Hallo et al. 2012). For such
cases of induced seismicity, we presume that the region-
al tectonic stress field does not play the main role in
determining the size of the maximum seismic event, or
that the fault system is activated only in a very limited
volume. The regional stress or the shape of the volume
deformation may still influence the mechanism of the
induced events (McGarr 1976; Shapiro et al. 2013). The
only known case study where the total seismic mo-
ment exceeded the estimate, based on the injected
volume, and derived from McGarr (1976) are the
aftershocks recorded at the potentially triggered se-
quence at the Rocky Mountain Arsenal (e.g., Healy
et al. 1968). All other mentioned case studies are
consistent with McGarr’s empirical prediction (Hallo
et al. 2012).

2 The method

We apply three simple empirical relationships, which
show the characterization of the event magnitude-
frequency distribution of the selected region, the cumu-
lative (or total) seismic moment estimate, and the
moment-magnitude relationship:

a. The Gutenberg—Richter law (Gutenberg and Richter
1954) relates number of events N greater than a
given magnitude M appearing within a time interval:

log,(N = a—bM, (1)

where @ and b are positive constants (called ¢ and b
values). The b value (slope) characterizes the ratio
of a number of small versus large events. A larger b
value means a higher proportion of smaller to larger
events. The a value is related to seismic activity of
the area, where 10¢ is the total number of events of
M=>0 in a time interval. The variation in the param-
eters of the Gutenberg—Richter for different sites
can be interpreted as a result of the variation in the
relevant elastic parameters as discussed by
Christensen and Olami (1992) or the stress regime
(Schorlemmer et al. 2005). Obviously, the constants
a and b depend on a chosen magnitude scale (e.g.,
local or moment magnitude). As most of the appli-
cations in microseismic monitoring use moment
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magnitude, we therefore derive further relationships
for moment magnitudes M,, (the a and b values are
relevant to the moment magnitude in the whole
study).

Total seismic moment is a sum of the scalar seismic
moments Y M, of events (McGarr 1976; Aki and
Richards 1980, chapter 4.5). The Y M, is the upper
limit of the modulus of summed tensor moments
having variable mechanisms, where equality only
applies if all moment tensors are self-similar. The
induced events by hydraulic fracturing have typical-
ly very similar mechanisms (e.g., Rutledge and
Phillips 2003) due to ambient stress field or geom-
etry of the volume deformation (McGarr 1976). The
formulae derived in this study depend only on the
total seismic moment. If another, more suitable,
estimate of the total seismic moment is found, it
can be applied by analogy.

The moment-magnitude—energy relationship used
in the study is given by Kanamori (1977):

M,, == (log,,(M()—9.1), (2)

NS

where M, is the scalar seismic moment in Newton
meters. However, alternative relationships between
moment and magnitude can be used. In this study,
we use the relationship for moment magnitude
given by Eq. (2) as it is the most common in micro-
seismic monitoring (e.g., Urbancic et al. 1996;
Maxwell et al. 2010).

In the following derivations, we utilized the com-
bined relations from above Sections a, b, and ¢
using an approach analogous to Anderson and Luco
(1983). The final estimated moment is scaled to the
moment magnitude (Kanamori 1977); however, the
proposed methodology is not dependent on this
particular choice and any moment-magnitude rela-
tionship can be used. Hence, in our case, the known
current b value (related to the ratio of the number of
small to large events), the total scalar moment po-
tentially released in the area, and the magnitude—
moment relationship determine the magnitude of
the largest event that can occur within the vicinity
of the injections (or more generally volumetric
changes).
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2.1 Maximum magnitude

The magnitude distribution of events, combined in the
total seismic moment Y M, is estimated from the Gu-
tenberg—Richter law (Gutenberg and Richter 1954) and
moment magnitude formulae (Kanamori 1977). Let
My(M,,) be the released scalar seismic moment of a
particular event of the magnitude M,,. Then, the upper
limit of the total released seismic moment is the sum of
the seismic moments of all events (i.e., integral of the
seismic moment over number of events, depending on
the magnitude):

M
Mo(My) dN(M.y), (3)

min
M7

> =

where the dependence of seismic moment on the mag-
nitude My(M,,) can be obtained from Eq. (2).

To define the number of events dN(M,,) having the
seismic moment M,, (i.e., events from the magnitude
interval [M,,, M,,+dM,]), we use Gutenberg—Richter
law (1). The number of events can be obtained as
absolute value of the differential of the Gutenberg—
Richter law (1):

dN(M,,) = |-b-In(10)-10° "] dM,, = b-In(10)-10“ " dM,,

(4)

where the b value is positive by definition. By applying
Egs. (3) to (4), we obtain:

)

5 bt = 2L (1 ofos ) -y g4

)
)

where M™™ and M™™ are the minimum and maximum
considered magnitudes, respectively. Let us assume that
M™ is the magnitude of the largest event that occurs
once within a recurrence interval (e.g., in this study, the
duration of injection). Equation (4) is a continuous
function, which is analogous to an un-normalized prob-
ability density function; however, the number of events
has to have an integer value. Then, the finite integral of
Eq. (4) between the interval M,,™—§ and M;;**+6 has to
be equal to one to have just one realization of the largest
event. The finite integral of Eq. (4) leads to expression:

a = bM™ ~log,,(107-107""). (6)

Equation (6), describes the generally unknown a
value as a function of a probabilistic half-bin size &
and b value, where the half-bin size is defined around
the maximum magnitude in the Gutenberg—Richter dis-
tribution. This interval is parameter of the model and it
has to be calculated in order to fulfill the condition that
the finite integral over this bin is equal to one (one event
of such magnitude in a recurrence interval). The half-bin
size & has been calculated by numerical evaluation of
Eq. (5) to comply with the condition:
(limp—, (max(My)/>My) = 1), that is, as b—0, all
moment is released in a single event. The resulting 0 is
then a constant (5=0.1448) for M%"=—co; this value
changes for cases having a low number of events above
M™™ as shown in Table 1. Moreover, the 5 is infinites-
imally small in the case where the whole seismic mo-
ment is incorporated in one event with magnitude
min: Mv"r}lax

Equations (5) and (6) together show the relationship
among M™™ M™" Y M,, and the b value. To better
illustrate this relationship, we show numerical solutions
for the dependence of the ratio between seismic moment
of the largest event max(My) (Eq. 2 where M,,=M,,™)
and the total released seismic moment )’ M, on b value
(Fig. 1). For the case of MT=—oo (Fig. 1, solid line),

Table 1 Numerically calculated constants ¢ for five models with
different M}, "

My  MY"
— -7 -3 0 2
10° 0.1448  0.1448  0.0872 - -
10° 0.1448  0.1448 01390  — -
107 0.1448  0.1448  0.1442  — -
108 0.1448  0.1448  0.1447 — -
10° 0.1448  0.1448  0.1448 - -
10'° 0.1448  0.1448  0.1448  0.1265 -
10" 0.1448  0.1448  0.1448  0.1430  —
10" 0.1448  0.1448  0.1448  0.1445  —
10" 0.1448  0.1448  0.1448  0.1447  0.1265
10 0.1448  0.1448  0.1448  0.1448  0.1430
10" 0.1448  0.1448  0.1448  0.1448  0.1445
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the ratio has the same dependence on b value for various
> M, and it is greater than O for b values up to 1.5. For b
values equal or greater than 1.5, the total seismic mo-
ment and energy released by small events increases to
infinitely large value. This means that the proportional
part of the seismic moment of the largest event is equal
to 0, which is not empirically observed in geophysics. In
the case of a catalogue with limited M™™ (Fig. 1, dashed
lines), the ratio is greater than 0 for b values in the open
interval from O to infinity, as the energy released by
small events cannot increase to the infinite value. More-
over, the dependence of the ratio on b value differs for
various Y My. The ratio is similar to the case of
M"=—w for Y M, much greater than min(M,)
(Eq. 2 where M,,=M™™), and it is constant (equal
to 1) for the limiting case where Y My=min(M,)=
max(M,) (the case where the whole seismic mo-
ment is incorporated in one event with magnitude
min — Wax).

Now, let the Gutenberg—Richter law be valid for
whole magnitude range from finite M™™ to M™"—

- (i.e., 100" (30)) — ¢ ) and let the positive b value
be lower than 1.5. Then, using Egs. (5) and (6), we get
relationship determining the moment magnitude of the

largest possible seismic event (M), ™):

£

2
Mmax — 1
w 3 OglO b‘] 09_1

+ log,((107-107")

(7)

where §=0.1448. The values of the possible largest
seismic events calculated by Eq. (7) are shown in
Fig. 2 as function of the total seismic moment and b
value. Because Eq. (7) is a special form of Eq. (5), it is
possible to calculate values of the possible largest seis-
mic events for models with limited M™™ by the original
Eq. (5) using the appropriate 6 from Table 1. We show
one realization for M%"=~3 in Fig. 3. All dashed lines
for different b values in Fig. 3 are defined for > M,
larger than 10*° (which is the seismic moment of an
event of magnitude M,,=—3) corresponding to the case
where the whole seismic moment is incorporated in one
event with magnitude M= =—-3

The most critical factor for the correct magnitude
prediction by Eq. (7) is the value of the total seismic
moment (Figs. 2 and 3). The possible error in Eq. (7)
caused by inaccurate seismic moment (neglecting b

max(My)/¥ M,

T M, =10°

¥ My =10°

T M, =10
T M, > 10°

b-value

Fig.1 Ratio between the theoretical value of moment of the largest event and the total released seismic moment, as function of the 5 value. The total
seismic moment is incorporated in events with magnitudes from the interval [—oo, Mi;™] (solid line) and from interval [-3, Myy™] (dashed lines)
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Fig. 2 Theoretical moment magnitude of the largest seismic event dependent on the total seismic moment. The total seismic moment is
incorporated in events with magnitudes from the interval [—oo, M,;*]. The individual lines correspond to different 5 values {0.3, 0.6, 0.9, and 1.2}

value error) is then:

assumed ZM()). ®)

err (M™) = g10 - &~
w) =380 real ZMO

Then, for example, a incorrectly estimated total seis-
mic moment Y M, by a factor of 2, results in a —0.2
lower moment magnitude M.

2.2 Total seismic moment Y My—practical issues

Knowledge of the total induced seismic moment is
particularly important in mining, geothermal, and hy-
drocarbon production (McGarr 1976; Maxwell et al.
2009). It is also the main input parameter for Eq. (7),
for determining the magnitude of the possible largest
seismic event.

McGarr (1976) proposed total seismic moment (sca-
lar value of released seismic moment) by a model in
which the stress is completely released seismically by
small to moderate events of the prevailing moment
tensor. The total seismic moment > M, is then:

> My = KAV, 9)

where AVis the volume change, 1 is the shear modulus
and factor K ranges from 1/2 to 4/3, depending on the
induced sources mechanism. The shear strain model of
McGarr (1976) is valid for solid rock excavation, and is
usually upper bound for seismicity induced by hydraulic
fracturing and other hydraulic stimulations (Hallo et al.
2012).

Equation (9) does not incorporate aseismic deforma-
tion within the medium, inelastic effects, and nonlinear-
ity. Hallo et al. (2012) show that Eq. (9) can be modified
to account for aseismic slip to explain observed seismic
moments. It is possible to define the “seismic efficiency
ratio” (SER) as an analogy to the “seismic injection
efficiency” of Maxwell et al. (2009). The SER is a ratio
of the released to the theoretical scalar cumulative mo-
ment. The range of observed SER has been estimated
for different types of stimulations in Hallo et al. (2012).
In this paper, we present revised values: SER € [1072, 1]
for enhanced geothermal systems (EGS) and saltwater
disposals; and SER € [5x1077, 5x107*] for hydraulic
fracturing of rocks. The theoretical Y M, with
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Fig. 3 Theoretical moment magnitude of the largest seismic
event dependent on the total seismic moment. The total
seismic moment is incorporated in events with magnitudes

incorporated aseismic deformation within the medium is
given by:

> Mg = SER-Ku|AV. (10)

Equation (10) results in lower values of the total
seismic moment released especially for fluid injection
into soft rock (hydraulic fracturing). The values of the
ratio Y My/|AV] and SER for numerous case studies
(hydraulic fracturing, enhanced geothermal system
stimulation, and saltwater disposal injections) are given
in Table 2. Revised values of SER mentioned above are
sufficient for estimation of the most probable range of
released total seismic moment; however, the variability
of SER and the physical model of SER is still poorly
understood.

2.3 Case studies

The accuracy of the model has been tested by compar-
ison between measured maximum magnitudes from real
case studies and values of M;,™ given by Eq. (7). The
case studies are given in Table 2, and resulting measured

@ Springer

from the interval [-3, M;**]. The individual lines corre-
spond to different b values {0.3, 0.6, 0.9, 1.2, 1.5, 1.8, 2.1,
2.4, and 2.7}

and theoretical values of maximum magnitudes are
compared in Figs. 4 and 5. The theoretical values of
M;* have been calculated by Eq. (7) for three different
b values from known (measured) > M, of each case
(Fig. 4). Then, the theoretical values of M,;"* have been
estimated from known injected volumes, where > M, is
given by Eq. (10) as the most probable interval of total
seismic moment within typical limits of SER (Fig. 5).
Finally, the maximum possible M;,** estimated from
known injected volume has been calculated for the case
where the injected energy is completely released seis-
mically (Eq. (9), Fig. 5).

From the listed examples, we note the following case
studies:

The EGS stimulation in Basel in 2006 (N. 2 in
Table 2): The measured M,;**=3.2, computed M, ™
from measured Y M, is 3.6 (for b value=0.67), range
of the most probable M;™* from estimated Y M, by
Eq. (10) is 3.4 to 2.0 (for b value=0.67), and maximum
possible M,™ from estimated Y M, by Eq. (9) is 3.4.

The hydraulic fracturing example is, e.g., stage 1 of a
Woodford Shale (USA) project (N. 14 in Table 2): The
measured M, ™=—1.9, computed M;;** from measured
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> M, is —1.9 (for b value=1.33), range of the most
probable M** from estimated Y M, by Eq. (10) is
—0.7 to —2.9 (for b value=1.33), and maximum possible
M™ from estimated Y M, by Eq. (9) is 1.5.

Differences of measured M;,™ and computed M;)™
(from measured Y M,, Fig. 4) are less than 0.5 for
EGS with known b values, and less than 0.25 for hy-
draulic fracturing projects with known b values. All
measured M,,** are smaller than maximum possible
value estimated from ) M, by Eq. (9) (Fig. 5). Almost
all measured M;,™ have values within the most probable
interval estimated from ) M, by Eq. (10) (Fig. 5). The
only exception is hydraulic fracturing in the Bowland
shale in 2011; however, the measured M;** is still
smaller than maximum possible value estimate. The
most probable magnitude intervals from estimated
> My by Eq. (10) have half-widths 0.7 for EGS
and 1.1 for hydraulic fracturing, and they are
governed by the uncertainty of SER values.

The overall agreement of measured and computed
M* through various projects is relatively good,

considering that the measured values of M;,™, > M,,
and b values in Table 2 and Figs. 4 and 5 are determined
by various methods and are also subject to measurement
erTors.

3 Discussion of b values

The relationship in Eq. (7) is valid only for b values
<1.5. If the b value is greater or equal to 1.5, then the
most energy is radiated at lower magnitudes and the
Guttenberg—Richter relationship cannot hold for infi-
nitely small magnitudes. Another view of h<1.5 is via
topological fractal dimension. Aki (1981) suggests that
the Gutenberg—Richter relation of a given b value is
equivalent to the fractal distribution with the fractal
topological dimension D=2b, provided M,~R>, where
R is the characteristic size of the source. The fractal
dimension is related to the fault geometry in 2D or 3D
space (Turcotte 1989; King 1983; Sammis et al. 1993).
The dimensional analysis of fractal sets (e.g., Manin
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Fig. 4 Comparison of measured and calculated moment magnitudes of largest induced seismic events for the case studies from Table 2.
Theoretical values are computed from known total seismic moment by Eq. (7). b values are relevant to the moment magnitude scale
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Fig.5 Comparison of measured and calculated moment mag-
nitudes of largest induced seismic events for case studies
from Table 2. Theoretical values are estimated from known
injected volume (with SER e [1072, 1] for hard rock, and

2006) shows that 2D faulting systems (objects of D=2
such as fault planes) can create fractals with dimension
D<3. The fractal dimension in this model faulting sys-
tem should be smaller than 3 because the (3D) volume
occupied by the faulting systems is finite, hence mea-
surable by dimension D=3 (in cubic meter). Therefore,
under the conditions provided above, the real (not ap-
parent or phenomenological) b value should be smaller
than 1.5. The difference between the apparent and the-
oretically maximum possible b value leads to the hy-
pothesis that a single b value, of typically low accuracy,
may be a poor estimate of local seismicity, especially if
applied to very limited datasets of induced seismicity.
As mentioned before, planar faults should not create
anything larger than 3D fractal.

The above-mentioned relation between dimension D
and b values (Kanamori and Anderson 1975), is a lim-
ited model, and some studies suggest different relation-
ships between dimensionality D and & values (e.g.,

@
=z

o - N ™ < w © ~ o

>z 2 2 7 2 2 7 =
SER € [5x1077, 5x107*] for soft rock). Values of y for
different rock types are averaged from limit values given in
Mavko et al. (2009). b values are relevant to the moment
magnitude scale

Hirata 1989; Henderson et al. 1994; Barton et al. 1999;
Scholz 2002). In this study, we use a model with con-
stant b values in the interval [M™" A/™™] while other
case studies show a more complex magnitude frequency
distribution (e.g., Lasocki and Orlecka-Sikora 2008;
Anderson and Luco 1983).

4 Conclusion

We propose a method and geomechanical model to
determine the magnitude of a possible largest induced
seismic event derived from the Gutenberg—Richter law
and an estimate of total released seismic moment. The
uncertainty of the resultant magnitude is then mainly
governed by the accuracy of total released seismic mo-
ment estimation. Application of this model on various
case studies from EGS and hydraulic fracturing stimu-
lations showed the uncertainty smaller than 0.5
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magnitude for EGS and smaller than 0.25 magnitude for
hydraulic fracturing cases. Additionally, we show the
prediction of possible magnitude from a known volume
of injected fluid in the form of an interval of the most
probable maximum magnitude and its maximum possi-
ble value.
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