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Smoothing the Marmousi Model

KAREL ZACEK!

Summary— The only way to make an excessively complex velocity model suitable for application of
ray-based methods, such as the Gaussian beam or Gaussian packet methods, is to smooth it. We have
smoothed the Marmousi model by choosing a coarser grid and by minimizing the second spatial
derivatives of the slowness. This was done by minimizing the relevant Sobolev norm of slowness. We
show that minimizing the relevant Sobolev norm of slowness is a suitable technique for preparing the
optimum models for asymptotic ray theory methods. However, the price we pay for a model suitable for
ray tracing is an increase of the difference between the smoothed and original model. Similarly, the
estimated error in the travel time also increases due to the difference between the models. In smoothing
the Marmousi model, we have found the estimated error of travel times at the verge of acceptability.
Due to the low frequencies in the wavefield of the original Marmousi data set, we have found the
Gaussian beams and Gaussian packets at the verge of applicability even in models sufficiently smoothed
for ray tracing.

Key words: Velocity model, smoothing, asymptotic ray theory, Gaussian beams, Lyapunov exponent,
Sobolev norm.

1. Introduction

The computation of rays is extremely sensitive to the smoothness of the model. In
rough models, the behaviour of rays becomes chaotic and geometrical spreading and
the number of arrivals increase with travel time rapidly (e.g., SMITH ef al., 1992;
ABDULLAEV, 1993; TAPPERT and TANG, 1996; WITTE et al., 1996; KEERS et al., 1997).
Moreover, a large number of two-point rays to each receiver makes calculation of
two-point travel times slow and expensive. Often, two-point rays cannot be found
within the numerical accuracy.

We need a reasonably smooth velocity model for a depth migration technique-
based on Gaussian packets. In the Gaussian packet method (e.g., KLIMES, 1989), we
do not need to find two-point rays, however a sufficiently dense set of rays must be
calculated. Thus, the desired model should be suitable for ray tracing. Since we wish
to keep the width of the Gaussian packets sufficiently small, the width of the
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Gaussian packet also depending on frequency, the model should be sufficiently
smooth for the frequencies under consideration.

Various methods of smoothing the velocity model have been developed and
published. The authors have been interested in determining the most suitable
physical quantity to be smoothed (MULLER and SHAPIRO, 2000; GOLD et al., 2000), in
finding a way to smooth the velocity model (GRUBB and WALDEN, 1995; VERSTEEG,
1991; BRAC and NGUYEN, 1990), or in studying the effects of smoothing on the
wavefield (VERSTEEG, 1991, 1993).

An optimum way to smooth a complex velocity model for ray-based methods,
which is presented in this paper, is to minimize the appropriate Sobolev norm of the
velocity or slowness. We show that minimizing the Sobolev norm may be used for
efficiently controlling the behaviour of rays in complex structures.

2. The Marmousi Model

Since we wish to use a “‘realistic” 2-D velocity model, we have decided to smooth
the Marmousi model (VERSTEEG and GRAU, 1991; VERSTEEG, 1991, 1993). The
Marmousi model, based on a real geological structure, is very complex, see Figure 1.
The dimensions of the model are 9200 metres (length) by 3000 metres (depth). Values
of velocity, which correspond to P waves, are defined at each gridpoint of the grid of
cells of 4 x 4 metres. The grided values of velocity vary from 1500 ms~! to 5500 ms~!.

In the Marmousi model, the synthetic seismograms were computed by the finite
difference method (VERSTEEG and Grau, 1991). We wish to use these seismograms as
the “‘real data” for the migration. The length of the seismograms is 2.9 seconds with a
sampling interval of 4 milliseconds. A trapezoidal frequency filter determined by
frequencies of 0 Hz, 10 Hz, 35 Hz and 55 Hz has been applied to the data by the
developers of the Marmousi data set.

3. Basic Ideas about the Desired Model

The desired smoothed model must fulfil two main and, unfortunately, contra-
dictive requirements:
(a) to be in “good agreement’ with the original Marmousi model, and
(b) to be “sufficiently smooth” for ray tracing and Gaussian packet computations.
Under the term ““good agreement,” we understand a slight difference between the
smoothed and original model, expressed in terms of the standard L2 Lebesgue norm.
The meaning of the term “‘sufficiently smooth” is more complicated. In a complex
model, the geometrical spreading and number of arrivals exponentially increase with
increasing travel time. The exponential increment is controlled by the Lyapunov
exponent (LyapuNov, 1949; McCAULEY, 1993; ADDISON, 1997; KLIMES, 2001). Since
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Figure 1
The Marmousi model.

the Lyapunov exponent depends on the second spatial derivatives of the velocity or
slowness, the second derivatives should be minimized.

By minimizing the square of the Sobolev norm of slowness we may minimize the
corresponding partial derivatives. The Sobolev scalar product is a linear combination
of the L2 Lebesgue scalar products of the zero, first, second or higher partial
derivatives (TARANTOLA, 1987).

The vague terms “good agreement” and “sufficiently smooth” cannot be easily
quantified before a detailed study of the behaviour of rays and Gaussian packets in
smoothed models is made.

The original Marmousi velocity model consists of discrete values of velocity at
grid points of a regular, dense grid. In obtaining a smoothed model we
(a) choose a coarser data grid (which is a subgrid of the original grid) to reduce the

amount of data to fit,

(b) arithmetically average the densely sampled slowness of the Marmousi model over
cells centred at the grid points of the coarse data grid,

(c) choose a coarse B-spline model grid (which is a subgrid of the coarse data grid) and

(d) fit the averaged slowness values by the smoothed model.

We need to interpolate the discrete values of slowness on a coarse model grid
for ray tracing. We have chosen bicubic B-splines as the interpolating functions,
benefiting from the continuity of the second derivatives.

We summarize all types of grids being used in this paper. The first one is the
original grid of the Marmousi model. The second is the coarser data grid constructed
from the Marmousi model as explained above, which is used to fit the smoothed
model. The third is the B-spline grid of the smoothed model.

4. Inversion

In order to find optimum parameters of the smoothed model, we minimize the
objective function S defined by formula
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where uP is the value of slowness in the data grid, uM is the value of slowness in the
model being sought, x = (x1,x2), cORIP are the weighting parameters of the grid
points, b are the weighting coefficients of the Sobolev scalar product. Superscript
GRID takes values GRID =1, 2,...,N, where N is the number of grid points of the
coarser data grid with averaged values of slowness mentioned above. Subscripts take
values i, j,k,[ = 1,2 in a 2-D model. Einstein summation over the pairs of identical
indices is used. Integration is performed over the whole model.
We can express u™ as a linear combination of bicubic B-splines B,(x)

™ (x) = By(X)us (2)

where u, are the model parameters (values of slowness at grid points of the B-spline
grid). Subscript o takes values o =1,2,..., P, where P is the number of model
parameters. Consequently, P is the number of B-splines describing the smoothed
model.

Equation (1) now reads

uD(XGRID) _B (XGRID)u 2
S=2 ( JGRIS at) +uaDopups (3)
GRID

ool [ru(E) )

Since we do not know the coeflicients b;;;; which lead to the optimum model, the
problem is not linear. Thus, parameters u, cannot be determined analytically. Since
we do not want to solve the nonlinear inverse problem numerically, we need to
“linearize” formula (4). The linearization of (4) yields

where

Dyp = 5Dl (5)

lf o ()G

where s is a free parameter and b, are fixed coefficients of the Sobolev scalar
product. The choice of coeflicients b;;, will be discussed in Section 6.
We can now rewrite equation (3) to read

S =[P —Bu]"C'[u® — Bu] + s’u"D'u , (7)
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where B is defined as B, = B,(x;), D’ is a P x P matrix given by formula (6), C is a
N x N diagonal matrix, composed of (¢SRP)?, see equation (1). N is the number of
grid points.

The condition for the minimum of the objective function is

A
Ou,

0, (®)

which yields
B'C'[Bu—uP] +5’Du=0 . 9)
The resulting vector of the model parameters is

u=[B'C'B+sD]'B'CuP . (10)

5. Criteria of Acceptability

In a complex 2-D model, the width of ray tube Q increases with increasing travel
time 7 approximately according to the asymptotic formula

O oxe | (11)

where / is the Lyapunov exponent corresponding to the ray (LyApuNov, 1949;
OSELEDEC, 1968; KATOK, 1980).

The number of arrivals at each point of the model is an important indication as to
whether the behaviour of rays is regular or chaotic. We wish the number of arrivals
not to exceed, let us say, 10. In a finite model, the number of arrivals v is proportional
to the widths of the ray tubes. This is caused by the overlaping of the ray tubes, sce
Figure 5. As we wish to smooth the model for migration, the sum of travel times from
source 7s and receiver TR to a point of the model should be substituted for travel time
7 in equation (11). Hence,

v o eHmstR) (12)

Consequently, the number of arrivals v may be expressed as the product of the
numbers of arrivals from source vs and receiver vg

V= VSR . (13)

For 1 =15 + tr = 0, we obtain e** = 1. Since this corresponds to the number of
arrivals in the nearest vicinity of the source (or of the receiver for the migration), we
can alter equation (12) to read

v eMEstwR) (14)
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We want to work with the “average Lyapunov exponent” 2. The “average Lyapunov
exponent” 7 is the Lyapunov exponent averaged over a large set of rays (KLIMES,
1999). The value of the “average Lyapunov exponent” may be one of the criteria of
the smoothness of the model. Hence, we wish e*™ not to exceed 10, Tay being the
maximum sum of travel times from the source and receiver to a point of the model.
Since the sum of travel times from the source and receiver cannot exceed the length of
the seismogram, tm,x = 2.9 s may be used for estimating the optimum value of A
Thus, for the number of arrivals not exceeding 10, we obtain the optimum value of y)
close to 0.8 s~

The width of Gaussian packets should be kept small. For very wide packets the
obtained wavefield would not be the correct solution of the equations being solved.
Accordingly, the desired migrated section would be wrong. The maximum halfwidth
should probably not be greater than the B-spline interval.

We mention that the width of the Gaussian beams or packets depends not only
on the smoothness of the model, but also on the frequencies under consideration.
From this point of view the model is not complex for Gaussian beams or packets by
itself, but in relation to the frequency.

The relative root-mean-square (RMS) difference of slowness between the original
and the smoothed model may be the criterion of “good agreement.” The relative
RMS difference of slowness corresponds approximately to the relative error of the
travel time. This is an asymptotic relation valid for short rays. The relative error of
the travel time may be smaller for longer rays.

By the term ““error of travel time”” we understand the difference between the real
travel time in the original structure and the computed travel time in the smoothed
model. Although we cannot determine the real travel time, we can estimate the error
caused by the difference between the original and the smoothed model.

6. Choice of the Coefficients and of the Density of the Grids

We need to specify coefficients b}, and s, the matrix C and the density of the grids
before the computation.

As we have no prior information, we choose ¢SRIP = /N, where N is the number
of values to be fitted. This makes the value of objective function S approximately
independent of the number of gridpoints.

Coeflicients bj;, may be constructed as a completely symmetric tensor (e.g.,
BULANT, 2001). The 4 x 4 matrix b’ is then defined by

d(d+2
;jkl = %@i?iekeﬁ ) (15)

where e is a unit vector, (. ..) indicates averaging over all directions of the unit vector,
d=11in 1-D,d =2 in 2-D and d = 3 in 3-D. We have introduced the formal scaling



Vol. 159, 2002 Smoothing the Marmousi Model 1513

coefficient 1/3d(d + 2) in order to make the respective coefficients b, equal in 1-D,
2-D and 3-D.
The average of the unit vector over all directions can be calculated analytically.
Generally in d-D for d = 1, 2 or 3, we may put
 0ij0k + 001 + ik

s = ; , (16)

where 0;; is the Kronecker symbol. In 2-D,
by = by =1,
Blizs = Doy = Bloyy = bhyyp = bhyyy = by =1 and
bi11a = byay = Doy = bloyy = by = bhyyy = by = by =0 .

We must keep in mind that this is only our special choice of coeficients b;;;, and that
there are various other ways of constructing matrix b’. For example, we can increase
coefficient b},,, and decrease coefficient &,,,, (or vice versa) and use this new matrix
of coefficients for anisotropic smoothing.

The original grid of the Marmousi model consists of cells of 4 x 4 metres, which
yields 751 x 2301 = 1,728,051 grid points. Three B-spline grids of cells of
(a) 100 x 400 metres, (b) 200 x 230 metres and (c) 200 x 400 metres are studied.
These grids consist of P = 744, 656 and 384 grid points, respectively.

Three data grids of cells of (a) 20 x 80 metres, (b) 40 x 40 metres and (c) 40 x 80
metres are used in the inversion. The values at the grid points are calculated by
averaging the values of slowness in the Marmousi model, as described in Section 3.
These grids consist of N = 17516, 17556 and 8816 grid points, respectively.

Finally, we need to choose the values of parameter s. We choose the initial value
of parameter s for the linearized inversion as

lu—up| 1

o ”uHinit ’

Sinit ~ (17)
where |Ju||;,;, is the initial value of the Sobolev norm of slowness, |u — ug| is the
standard slowness deviation of the model, and ¢ is the given slowness deviation. We
have made this rough estimate assuming that the first term on the right-hand side of
equation (1) does not exceed dramatically the second term, or vice versa. According
to equation (A.10), we can estimate the maximum value of the Sobolev norm of
slowness as [Ju|];,; ~ 8/3(2Ainit)2ui, where u, is the average slowness in the model,
and Aini¢ 1s the initial value of the “average Lyapunov exponent” without
compensation for the focusing low-velocity zones, see equation (A.1). The standard
slowness deviation of the model may be estimated by |u — ug| =~ eua, ¢ being the
relative travel-time error. The given slowness deviation is determined by

o = cSRIPN-1/2 Hence, we can alter equation (17) as

Sinit ~ \/g 5(2UAAinit)_2\/]v(0'GRID)_1 - (18)
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Note that parameter s is proportional to 272, see equation (18). Thus, the n-fold
decrement of 4 requires an n*-fold increment of the square of the Sobolev norm in the
objective function in equation (1). Consequently, the decrement of 7 increases the
difference between the new and the original model. From this point of view 7 should
not be too small. We should keep 2 close to the optimum value estimated above.

Fore = 0.1, (up)"'= 3000 ms~" and Ajyi = 1.3 s, see equation (A.12), we obtain
Sinit = 81529. We study the values of s of (1) 0 m? (without the Sobolev norm included in
the inversion), (2) \/3/8 - 10,000 m? ~ 6124 m?, (3) \/3/8 - 25,000 m> ~ 15,309 m?,
4) 3/8 50,000 m? =~ 30,619 m?, (5) 3/8-100,000 m* ~ 61,237 m> and
(6) 1/3/8 - 225,000 m> ~ 137,784 m>.

7. Numerical Examples

We have calculated the smoothed models, the corresponding values of the relative
RMS difference of slowness between the smoothed and original model, the angular
dependence of the Lyapunov exponents, the values of the “average Lyapunov
exponents,” rays, numbers of arrivals and the halfwidths of Gaussian beams.

Figure 2 displays the models without the minimized Sobolev norm, smoothed just
by the use of the coarse B-spline grid.

Figure 3 presents the smoothed models with the grid of cells of 200 x 400 metres
and with the minimized Sobolev norm. The respective figures for the models with the
grid of cells of 100 x 400 or 200 x 230 metres look similar and are not shown. At first
glance we can see that the models with the values of parameter s = 61,237 m? and
s = 137,784 m? do not show features of the original Marmousi model.

Figure 4 displays the angular dependence of the Lyapunov exponents and the
values of the “average Lyapunov exponents” for smoothed models with the B-spline
grid of cells of 200 x 400 metres. We can see that the model without the minimized
Sobolev norm of slowness seems to be too rough, whereas the ““average Lyapunov
exponents” of the models with the minimized Sobolev norm are close to or less than
our initial assumption of the optimum value. Unfortunately, the strong angular
dependence of the Lyapunov exponents (and consequently the excessive maximum
value of the Lyapunov exponent) indicates that even models with 2 close to 1 (as the
model with s = 6124 m?) may still be too rough.

The synthetic seismograms, used for the migration in the Marmousi model, are
computed with the length of 2.9 seconds. The streamer composed of hydrophone
groups has been used for data acquisition for each shot. The farthest hydrophone
was located 2575 metres from the watergun. Since the maximum travel time cannot
exceed the length of the seismogram, let us assume a fixed travel time of 2.9 seconds.
For an almost horizontal ray with the endpoint in the farthest hydrophone and for
the velocity of 1500 ms~! we obtain the farthest possible reflection point, at 4350
metres from the watergun and 900 metres from the farthest hydrophone. As 900
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Figure 2
The smoothed models without minimized Sobolev norm of slowness (s = 0 m?) for the B-spline grids of
cells of (a) 200 x 400 metres, (b) 200 x 230 metres and (c) 100 x 400 metres.

metres corresponds to 0.6 seconds, we may estimate the maximum useful value of the
travel time as 2.3 seconds. The rays have been calculated for this value of the
maximum travel time.

Figure 5 displays rays computed in the smoothed models with a constant step in
the take-off angles. We can see the dependence of the behaviour of rays on
parameter s. We moved the source along the whole profile and tested ray tracing.
The behaviour of rays was always of the same kind as in these illustrative figures.
Models with s = 0 m? and s = 6124 m? seem to be unsuitable for ray methods due
to the density of caustics. In Figure 5a we can see rays trapped in the low velocity
channels.
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Figure 3
The smoothed models for the B-spline grid of cells of 200 x 400 metres and for values of parameter s of
(@) 0 m?, (b) 6124 m?, (c) 15,309 m?, (d) 30,619 m?, (e) 61,237 m? and (f) 137,784 m>.

The maximum number of arrivals for the models with the B-spline grid of cells of
200 x 400 metres is

(a) 19 for the value of s = 0 m?,

(b) 18 for the value of s = 6124 m?,

(c) 7 for the value of s = 15,309 m?,

(d) 5 for the value of s = 30,619 m?,

(e) 3 for the value of s = 61,237 m? and
(f) 2 for the value of s = 137,784 m>.

In the model without interfaces, the number of arrivals should be odd. Even numbers
for s = 6124 m?> and s = 137,784 m?> may be explained by the influence of the
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borders of the model. Due to the requirements established above, the models with
s =0 m? and s = 6124 m? are probably not suitable for ray-based methods.

The relative RMS difference of slowness between all calculated models and the
original Marmousi model is in Table 1. We can see that the price for a model
suitable for ray tracing is a considerable increment of the relative RMS difference
of slowness between the smoothed and original model, representing here the
geological structure. This resulted from the complexity of the original Marmousi
model. If the value of parameter s is larger, the relative RMS difference is the same
for all the studied B-spline grids. Hence, the model with the B-spline grid of cells
of 200 x 400 metres (with only 384 B-spline grid points) is probably the best
choice.
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Figure 4
The angular dependence of the Lyapunov exponents for the models with the B-spline grid of cells of
200 x 400 metres. The left and right border corresponds to the vertical ray, the middle corresponds to the
horizontal ray. The values of parameter s are (1) 0 m? for the dotted lines, (2) 6124 m?, (3) 15,309 m?,
(4) 30,619 m? and (5) 61,237 m? for the dashed lines and (6) 137,784 m? for the solid lines. The thin
horizontal lines correspond to the “average Lyapunov exponents,” averaged over angles with a uniform
weight.

In general, we believe it is useless to work with an overly dense B-spline grid,
because the smoothed models with various densities of the model grid converge with
increasing weight of the Sobolev norm.

Let us form a short summary of what we have accomplished. We have prepared
the smoothed models. We have calculated the values of corresponding ““directional”
and “‘average Lyapunov exponents” and the values of the relative RMS difference
between the smoothed and the original Marmousi model. Finally, we have studied
the behaviour of rays in the smoothed models. That is, we already know how to
smooth the Marmousi model for the computation of rays and travel times.

8. Effects of Smoothing on Gaussian Beams

Our primary objective was to prepare a suitable velocity model for Gaussian
packet migration. Since the width of the Gaussian beam is equal to the width of the
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Figure 5
Rays in models with the B-spline grid of cells of 200 x 400 metres and with values of parameter s of
(a) 0 m?, (b) 6124 m?, (c) 15,309 m?, (d) 30,619 m?, (e) 61,237 m?, and (f) 137,784 m?. The maximum travel
time is of 2.3 seconds.

corresponding symmetric Gaussian packets, and the computation of the beams is
easier, we study the width of the Gaussian beams. In 2-D, the profile of the Gaussian
beam in a cross section orthogonal to the ray is controlled by the factor

exp(infMq*) | (19)

where 1 is the imaginary unit, f is frequency, ¢g is the ray-centred coordinate
orthogonal to the ray, and M is the second derivative of the complex-valued travel
time. The quadratic term in the Taylor expansion of the complex-valued travel time
of the Gaussian beam thus reads
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I Mq* . (20)

The quadratic term in the Taylor expansion of the complex-valued travel time of the
Gaussian beam along the surface is

HGR +iG") (x — x0)? (21)

where (x — xo) is the distance from the initial point of the central ray of the Gaussian
beam to the respective point on the surface and GR and G! are real-valued parameters
determining M uniquely (KLIMES, 1984).

We have calculated the standard halfwidths of Gaussian beams in various
smoothed models for various initial values of parameters GR and G'. Standard
halfwidth a of a Gaussian beam of cross section
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(1) 22)
multiplied by the square root of (27f), has been interpolated between the rays and
displayed,

W =a\/2znf . (23)

The halfwidths of Gaussian beams calculated for the models with the B-spline
grid of cells of 200 x 400 metres and with s= 15309 m?, s= 30,619 m?,
s = 61,237 m* and s = 137,784 m? are shown in Figure 6. These halfwidths have
been calculated for the initial values of parameters GR =0 and G' = 0.250 x 107°.
The models with lower values of s were excluded.

The gray-scale coded quantity W is displayed at the respective points along the
central rays of the beams. The white colour corresponds to the Gaussian beam
halfwidth of 0 metres for all frequencies. The black colour corresponds to the
Gaussian beam halfwidths of 1010 metres and more for the frequency of 35 Hz, and
of 1890 metres and more for the frequency of 10 Hz. Therefore, the black coloured
regions of Figure 6 indicate too wide Gaussian beams for the frequencies under
consideration.

We can see that the model with s = 15,309 m? is not suitable for Gaussian
beams or packets. Especially if the position of the source is close to the middle of
the profile, the Gaussian beams become wider too quickly. On the other hand, the
models with s = 61,237 m? and s = 137,784 m?> seem to be acceptable. Unfortu-
nately, these models are smoothed to an extent which may jeopardize the
migration. We hope that we will be able to use the model with s = 30,619 m? in
the migration. We have studied the behaviour of Gaussian beams for various
initial parameters GR and G'. We have realized that different initial values of these
parameters are suitable for different positions of the source, or of the receiver in
the migration. Consequently, we will try to develop a method to optimize the
shapes of Gaussian beams or packets dependent on the position of the source, or
of the receiver in the migration. This would allow the use of models not so
smoothed.

We mention that even in models with a sufficiently small number of arrivals, the
widths of Gaussian beams are at the verge of acceptability. This is due to the low
frequencies under consideration.

Let us summarize that models with parameter s equal to or greater than 15,309 m?
seem to be suitable for ray tracing with the travel time of 2.3 seconds, see Figures 5
and 6. From this point of view, these models are sufficiently smooth. However, the low
frequencies under consideration make the use of the Gaussian beam or packet method
almost impossible. We probably should improve the applicability of the Gaussian
packet method by using shapes of Gaussian packets optimized in dependence on the
position of the source, or of the receiver in the migration.
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Figure 6
The halfwidths of Gaussian beams in smoothed models with the B-spline grid of cells of 200 x 400 metres.
Columns correspond from left to right to the values of parameter s of (a) 15,309 m?, (b) 30,619 m?,
(c) 61,237 m? and (d) 137,784 m?. Rows correspond to various positions of the source (in metres).
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Table 1

The relative RMS difference between the smoothed and the Marmousi model. Columns correspond to various
B-spline grids, rows correspond to various values of parameter s

100-400 m 200-230 m 200-400 m
0 m? 8.3% 10.8% 11.1%
6,124 m? 11.4% 11.9% 12.0%
15,309 m? 13.2% 13.2% 13.3%
30,619 m? 14.3% 14.3% 14.3%
61,237 m? 15.1% 15.1% 15.1%
137,784 m? 15.8% 15.8% 15.8%

9. Conclusions

The minimization of the relevant Sobolev norm of slowness is a powerful tool for
preparing the optimum models for the asymptotic ray theory methods. As we have
illustrated in numerical examples, it can be used for smoothing very complex models.
However, the difference of slowness between the smoothed and the original model
then increases rapidly. Also, the error of the travel time then increases.

We must keep in mind that there exists a natural relation between the complexity
of the original model and the resulting difference between the sufficiently smoothed
model and the original model. The more complex the original model, the more
change it requires. Thus, the decision rests with the user, whether or not the model is
too complex for smoothing. The required maximum error of travel time is then a key
argument.

We have also demonstrated that even in models sufficiently smoothed for ray
tracing, the Gaussian beams may still be too wide for the frequencies under
consideration. In preparing a model for Gaussian beams or packets, we cannot judge
solely from the number of arrivals and values of the “average Lyapunov exponents’’,
whether the model is convenient. The widths of Gaussian beams or packets in
relation to the frequency should be studied as well.
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Appendix A

In evaluating a meaningful initial value of parameter s (see Section 6), we need
to find some approximative relation between the Sobolev norm and the Lyapunov
exponent.

According to KLIMES (1999), the ‘“‘average Lyapunov exponent” y) may be
approximated by

I A+AD (A1)

where A® is the decompensation for the low-velocity focusing zones. In 2-D, A is

defined as
-1
A= {/ vld2x] /1/neg(v,ij T i (A.2)

where neg(f) = 1/2(f — |f|) is the negative part of f, v is the velocity, v;; is the
second velocity derivative and e is a unit vector perpendicular to the ray.

We assume that the model is so smooth that the number of velocity oscillations,
Kose, along rays of length corresponding to T,y is small,

Koo = 200 (A.3)

Tosc

where 7, iS the average wavelength of the velocity oscillations in the smoothed
model, expressed in travel-time units. This assumption allows for the approximation

In2  KoeIn2

Tosc Tmax

AD ~

(A.4)

Let us now perform several approximations to express A in terms of the Sobolev
norm of slowness u in the model without interfaces,

-1
A~ [/ udzx] / pos(u,j e; ej)u~td*x | (A.5)

where pos(f) = 1/2(f + |f]) is the positive part of f,

-1
A z% {/ w dzx] / |ujj e ej| d*x | (A.6)

and

where
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Up = U dzx]l/u%dzx - (A.8)

Finally, we arrive at

3 1
Ax 32 (5) VI (A9)

where ||u|| is the Sobolev norm of slowness given by matrix b’, see equation (17). This
approximation may also be expressed as

8
[lue]| ~ 5ug(z/\)z : (A.10)

As we need to find some initial value of parameter s, we should estimate the
respective value of the Sobolev norm ||ul|;,,. Since we have already derived an
approximative relation between |ju|| and A, see equation (A.10), we need to find the
value of Aj,;;. We have decided to keep the number of arrivals less than 10, see
Section 5. With a view to equations (14), (A.1) and (A.4),

A< In10 4+ Kogc In2

(A.11)

Tmax

Since we assume at least one shift of —In 2 for the source and one for the receiver, we
assume Kysc = 2. For tmax = 2.9 s, we can put

Ainit = 13871 . (A.12)
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