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“Rheology is the study of the flow of matter”

The term was coined by Eugene C. Bingham in 1920, from a 
suggestion by Markus Reiner and inspired by the quotation 
mistakenly attributed to Heraclitus, (actually from Simplicius) 
panta rei, "everything flows". (from wiki)

It is a fundamental discipline in Geophysics, since it allows to 
describe the flow of solid or fluid Earth materials. 

But it is also important in chemistry, material sciences, 
biology, medicine and other disciplines... 

We will look at phenomenological aspects of RHEOLOGY
(as opposite to microphysical rheology)

What is rheology?                           flow of matter

1). Basic things about Rheology
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What is rheology?                           flow of matter

σ =
Force

unit area
ε =

Elongation

Initial length

STRESS STRAIN

The relation between stress and strain is expressed by 
constitutive equations

5Friday, November 11, 2011

http://en.wikipedia.org/wiki/Constitutive_equations
http://en.wikipedia.org/wiki/Constitutive_equations


F = −kx

Ffriction = µN

σij = Cijklεkl

σ = Cε

−→
J = −D

−→∇c

q = −k

µ
∆P

V = RI

Linear elasticity (Spring law)

Friction (Amonton’s law)

Elasticity (Hooke’s law, 3D)

Elasticity (Hooke’s law, 1D)

Diffusion (Fick’s law) 

Flow in porous media (Darcy’s law) 

Electrical circuits (Ohm’s law) 

Basis of rheology                  constitutive equations
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strain

t

εstress

t

σ

σ0 ?

ε0

strain

t

ε stress

t

σ

?

INPUT OUTPUT

CREEP EXPERIMENT

RELAXATION EXPERIMENT

mechanical
system

INPUT OUTPUT

Mechanical experiments

σ(t) ε(t)

ε(t) σ(t)

Basis of rheology                       creep /relaxation
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Liquid and solid characters are relevant at “long times”: 

 - if the material flows indefinitely, it is considered a liquid, 
 - if, by contrast,  the material after some deformation, 

eventually resists, it is considered a solid. 

Basis of rheology                          liquid / solid

Elasticity, Newtonian behavior and visco-elasticity  are 
relevant at “laboratory times”:

 - if the stress is proportional lo strain, the body is “elastic”, 
 - if the stress is proportional to strain rate, it is 

“newtonian”,
 - if none of the above applies, the body is “visco-elastic”. 

CREEP EXPERIMENTS are conceptually very useful since they 
help to classify the rhological behavior: 
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strain

t

ε(t)

?

stress

σ0

t

σLU (t)

T

“hat”
input

The input stress follows an “Hat function”, of duration T:

σLU(t) = σ0[H(t)−H(t− T )], T > 0

Loading / unloading                        “hat function”

H(t) =

{

0 t < 0
1 t ≥ 0

LOADING / UNLOADING experiment
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“Elastic element”
(a SOLID)

The SPRING mimics
ELASTICITY: 

ELASTIC behavior is often 
represented by a

“mechanical analogue”, 
also useful for general 
mechanical systems.

F = −k(x− x0)

 = “spring constant”ka SPRING

Hookean body                               elastic element

Sir Robert Hooke
(1635 – 1703)
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σ = 2µε

The fundamental law of Elasticity is: 

“STRESS is proportional to STRAIN”. 

In formulas:

Hence: 

µ

σ

ε
= constant

where      is a “material constant” known as “rigidity”,  or 
“shear modulus” (having the dimensions of a stress).

Hookean body                               stress / strain 
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σ

ε

strain

stress

σ = 2µε
µ′

Elasticity                                stress / strain 
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H

stress

σ0

t

σLU (t)

T

strain

t

ε0

T

full recovery 
of initial strain

0

0

εLU(t)

σLU(t) = σ0[H(t)−H(t− T )]

εLU(t) = ε0[H(t)−H(t− T )]

A “FULL RECOVERY” of initial strain characterizes the Hooke body.

Loading / unloading                                 Hooke

Hooke body
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ρ
∂2#u

∂t2
= (K +

4

3
µ)#∇(#∇ · u)− µ#∇× (#∇× #u)

Elasticity                                “Wave equation” 
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“Newtonian element”
(a FLUID)

The DAMPER mimics
VISCOUS behavior: 

VISCOUS behavior is also 
represented by a

“mechanical analogue”, 
as for general 

mechanical systems.

 = dissipation constant

F = −kv
dx

dt
kv

a DAMPER

Newtonian body                             viscous element

Sir Isaac Newton,
(4 January 1643 – 31 March 1727)

a DASHPOT
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The fundamental Newton law is: 

“STRESS is proportional to STRAIN RATE”. 

In formulas:

Hence: 

σ

ε̇
= constant

σ = 2ηε̇

where     is a “material constant” (not dependent on stress, but 
possibly on P and T), known as “viscosity”. 

η

Newtonian body                             stress / strain 
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σ

strain rate

stress

ε̇

σ = 2ηε̇η′

Newtonian body                            stress / strain 
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Lack of recovery of initial strain and permenent strain (liquid behavior).

Steady state flow observed until time t=T.

σLU(t) = σ0[H(t)−H(t− T )]

εLU(t) =
σ0

2η
[t− (t− T )H(t− T )]

stress

σ0

t

σLU (t)

T

strain

t

T

0

0

steady state flow

ε̇ = constant

ε1

permanent
strain

εLU(t)

ε0

Loading / unloading                                Newton

Newton body
LOADING / UNLOADING experiment
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WATER

Viscosity                             orders of magnitude

η ≈ 1021Pa · sη ≈ 10−3Pa · s

EARTH
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Experimental mantle convection

Viscosity                                    “convection”
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James Clerk Maxwell 
(13 June 1831 – 5 November 
1879) was a Scottish 
mathematician and theoretical 
physicist. 

His most significant 
achievement was formulating a 
set of equations — named 
Maxwell's equations — that 
for the first time expressed the 
basic laws of electricity and 
magnetism in a unified fashion.

James Clerk Maxwell 
proposed the “Maxwell” 
rheology in 1867.

Visco-elasticity                                   Maxwell

4). Linear viscoelasticity
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µη

A Maxwell material is a viscoelastic material having the 
properties both of elasticity and viscosity.  It is also known as a 
Maxwell solid (*)

The Maxwell model can be represented by a purely viscous 
damper and a purely elastic spring connected consecutively, 
(“in series”) as shown here: 

Machanical analogue of the Maxwell body:
a damper in series with a spring.

(*) BUT it is in fact a fluid, according to our definitions !!!

Using Reiner’s 
notation: 
M = N - H 

Viscoelasticity                          Maxwell material
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In the Maxwell model, the spring and the dashpot are subject 
to the same stress, but the strain is different for the two 
elements. 

The TOTAL strain is: 

where, from above:

andεH =
σ

2µ
ε̇N =

σ

2η

that gives Maxwell rheological equation:

εtot ≡ ε = εH + εN

ε̇ =
σ̇

2µ
+

σ

2η

Viscoelasticity                          Maxwell material
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In a creep test, the system is subject to a constant stress: 

σ(t) = σ0, t ≥ 0

Hence,  solving Maxwell equation gives: 

ε(t) = ε0 +
σ0

2η
t

where       is strain at time t=0: ε0

Hence, Maxwell body under a sudden stress deforms elastically, 
and subsequently it flows at a constant rate. 

ε0 =
σ0

2µ

Maxwell material                               creep test
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In a relaxation test, the system is subject to a constant strain: 

ε(t) = ε0, t ≥ 0

Hence,  solving Maxwell equation gives: 

σ(t) = σ0 e−t/τm

where       is stress at time t=0 and     σ0

τm =
η

µ

Thus, under a constant strain, Maxwell body “relaxes”. 

is “Maxwell relaxation time”. 

Maxwell material                          relaxation test
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µη

σ

σ0

stress

t

ε strain

t

ε0

INPUT:

OUTPUT:

CREEP

σ(t) = σ0, t ≥ 0

ε(t) = ε0 +
σ0

2η
t

ε0

strain

t

ε stress

t

σ

σ0

RELAXATION

ε(t) = ε0, t ≥ 0INPUT:

σ(t) = σ0 e−t/τmOUTPUT:

Maxwell material                     creep and relaxation
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Recovery of elastic strain and permanent strain (liquid behavior).

Steady state flow observed until time t=T.

µη

σLU(t) = σ0[H(t)−H(t− T )]

stress

σ0

t

σLU (t)

T

strain

t

ε0

T

recovery 
of elastic strain

0

0

ε0
ε1

ε1 steady state flow

ε̇ = constant

permanent
strain

εLU(t)

εLU(t) =
σ0

2µ
[H(t)−H(t− T )]+

σ0

2η
(t− (t− T )H(t− τ))

Loading / unloading                               Maxwell

Maxwell body
LOADING / UNLOADING experiment
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The Deborah number is a dimensionless number, used in rheology to 
characterize how "fluid" a material is.

Formally, the Deborah number is the ratio of a relaxation time, characterizing 
the intrinsic fluidity of a material, and the characteristic time scale of an 
experiment (or a computer simulation) probing the response of the material. 

The Deborah number is:

The smaller the Deborah number, the more fluid the material appears.

(*) KAPH, alfabeto ebraico

Γ
τr is relaxation time

τo is timescale of experiment=
τr

τo

(*)

(**) The (1-page) 1964 Reiner manuscript is 
here: http://rrc.engr.wisc.edu/deborah.html

Maxwell material                           Deborah number

Deborah number
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EFFECTIVE VISCOSITY is: 

ηeff =
1

2Ċ

For the three rheological elements studied so far, effective 
viscosity is: 

H, HOOKE

N, NEWTON

M, MAXWELL

A STEADY STATE rheology is characterized by ηeff = constant

In a TRANSIENT RHEOLOGY,          is generally time-dependent!ηeff

ηeff = {∞η
η

Steady state / transient behavior     effective viscosity

C =
strain

unit stress
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Transient creep: a general feature of materials

After Muller (1986)

Steady state / transient behavior                   creep

There is “No viscosity”, i.e., viscosity is time-dependent!
(even if the stress-strain relationship is linear...)
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“Kelvin-Voigt body”

Woldemar Voigt 
(1850 - 1919)

William Thomson
1st Baron of Kelvin  

(1824 - 1907)

Kelvin-Voigt (KV)

µ

http://en.wikipedia.org/wiki/William_Thomson%2C_1st_Baron_Kelvin

http://en.wikipedia.org/wiki/Kelvin-Voigt_material

KV = N | H 

Generalized Maxwell bodies                             KV
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stress

σ0

t

σLU (t)

T

strain

t

ε(t)

ε0

T

full recovery 
of initial strain

0

0

transient flow

ε̇ != constant

σLU(t) = σ0[H(t)−H(t− T )]

Kelvin-Voigt (KV)

µ

“Delayed elasticity”

εLU(t) =
σ0

2µ

[(
1− e−

µ
η t

)
−

(
1− e−

µ(t−T )
η t

)
H(t− T )

]

Kelvin-Voigt                          loading / unloading

LOADING / UNLOADING experiment

“Kelvin-Voigt body”
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Burgers body (B)

BURGERS, Johannes Martinus (1895-1981)

Kelvin-Voigt

Maxwell

µ1

µ2

η2

η1

B = M - KV

Generalized Maxwell bodies                        Burgers

Woldemar Voigt 
(1850 - 1919)

William Thomson
1st Baron of Kelvin  

(1824 - 1907)

A four-parameters 
rheological body
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ε(t)

tT0

ε0

ε0

permanent
strain

recovery 
of elastic strain

M spring

KV+M damper

~M damper

M spring

KV+M damper

~M damper
elastic

transient

steady state
elastic

transient

viscous

Burgers                               loading / unloading

Kelvin-Voigt

Maxwell

µ1

µ2

η2

η1

Burgers body
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MG = H | M1 | ... | Mn

n any integer OR n = infinity

Generalized Maxwell bodies               Maxwell-Weichert

The Generalized Maxwell is the most general form of the 
linear spring/dashpot model for viscoelasticity. 

It takes into account that the relaxation does not occur at 
a single time, but  at a distribution of times. 
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Do all these rheologies have relevant applications ?

Final remarks                                applications

8). Some remarks... 
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Do all these rheologies have relevant applications ?

Yes!

Final remarks                                applications

8). Some remarks... 
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Do all these rheologies have relevant applications ?

for example, to: 

Amorphous and semicrystalline polymers, 
Metals at very high temperature,
Mozzarella cheese, 
Fruits, rice and potatoes,
Asphalt mixtures, 
... ... ... 

what about the EARTH ? 

Yes!

Final remarks                                applications

8). Some remarks... 
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Which rheology for the Earth’s mantle ?

RESPONSE“LOAD”

Final remarks                                applications

PGR is a natural creep experiment!
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Guessing mantle viscosity

1. The shape of the uplift curve allows one to 
estimate the decay time,

2. Observed gravity anomalies indicates the amount 
of residual uplift, 
 
3. This gives the order-of-magnitude of (Newtonian) 
mantle viscosity (Vening Meisnez, Haskell, 1935):

η ≈ 10
21

Pa s

Final remarks                            mantle viscosity
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Kvarken Archipelago – World Heritage 2006

The Rocky terrain in shallow sea area

Photo Jukka Ojalainen (GTK)

Geological Survey of Finland
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Green functions for layered Earth models      

✓Spherically symmetric Earth: 

ρ = ρ(r)

µ = µ(r)
λ = λ(r)

Lame constants

Density

η = η(r) Viscosity

✓Incompressibility: λ =∞
✓Inviscid layers: η = 0

✓Effective elasticity: η =∞
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Spherically symmetric Earth

a

me

µ(t)

P (observer)

Source-observer geometry

α

α

d

a

µ(t)

P

Green functions for layered Earth models       Rigid Earth

Source-observer geometrySpherically symmetric Earth

LOCALIZED and IMPULSIVE source: µ(t) = δ(t)ms

γ
surface gravity
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Green functions for layered Earth models       Rigid Earth

HookeNewton

RIGID Earth

43Friday, November 11, 2011



(Variation of the) gravity potential 
at P, by Newton law.

Gr
φ(α, t) = δ(t)

∞∑

l=0

φr
l Pl(cos α)

GREEN FUNCTION (GF) for gravity 
potential. AKA “Direct GF” Gr

φ(α, t) ≡ φr(α, t)

ms

Green functions for layered Earth models       Rigid Earth

By simple geometry and the definition of Legendre polynomials, 
we obtain the harmonic decomposition:  

φr
l ≡

aγ

me

For a RIGID EARTH, the GF is spherically symmetric wrt the 
source and “in phase” with it. 

φr(α, t) =
Gµ(t)

d(α)
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P0(x) = 1

P1(x) = x

P2(x) =
1

2
(3x

2
− 1)

P3(x) =
1

2
(5x

3
− 3x)

P4(x) =
1

8
(35x

4
− 30x

2 + 3)

P5(x) =
1

8
(63x

5
− 70x

3 + 15x)

The first few Legendre polynomials

degree 0

  1

  4

  3

  2

  5

  nPn(x) = a polynomial of degree “n”

... ... ...
... ... ...

Laplace equation                      Legendre polynomials

x = cos θ
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Laplace equation                      Legendre polynomials

θx = cos 

http://en.wikipedia.org/wiki/Legendre_polynomials
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∇
2f = 0

“Laplace equation”

Hamonic functions “f ” are solutions of 
Laplace equation

Laplace equation                        Harmonic functions
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l = 7, m = 0

Real spherical harmonics                   Zonal harmonics             

(7, 0) (7,5) (9,9)

Tesseral SectorialZonal
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They play a role in the physics of Earth rotation

S20 = A(3 cos2 θ − 1)

(2, 0) (2, 1) (2, 2)

S21 = C sin θ cos θ sin λ

S21 = B sin θ cos θ cos λ S22 = D sin2 θ cos 2λ

S22 = E sin2 θ sin 2λ

TIDAL POTENTIAL is a degree two function

Real spherical harmonics              Degree two harmonics             
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Green functions for layered Earth models     Elastic Earth

HookeNewton

ELASTIC Earth
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Green functions for layered Earth models     Elastic Earth

For an elastic Earth we observe two new effects:

1) Since the Earth changes its shape, its gravity field will be 
subject to a further modification that adds to that observed for a 
rigid Earth.

Note: 
since the Earth is elastic (remember, “sic tensio ut vis”, this INCREMENTAL 
potential will be in phase with the source)

2) The Earth yields UNDER THE LOAD, and a displacement field 
arises as a consequence of yielding. 

Note: 
since the Earth is spherically symmetric, the displacement field is a vector with 
only two components: one UP, the other along the source-observer meridian 

Now we look separately to these two effects. 
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Green functions for layered Earth models     Elastic Earth

1) For the INCREMENTAL potential we write:

Ge
φ(α, t) = δ(t)

∞∑

l=0

φe
l Pl(cos α).

φe
l = ke

l φ
r
l

where, the coefficients will be proportional (since tensio...), 
harmonic degree-by-degree, to the “rigid” coefficients:

and where the dimensionless number:  

ke
l

is called “Load-dedormation coefficient” (LDC) of degree “l” for 
the incremental potential relative to an elastic spherically 
symmetric Earth. 
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Green functions for layered Earth models     Elastic Earth

A few remarks: 

     depends, in general, on 

✓the geometry of the spherical model, 

✓the thickness of layers, 

✓the numerical values of density and elastic constants.  

ke
l

Computing    (any LDC) demands the solution of the Navier-
Cauchy EQUILIBRIUM EQUATIONS  for the chosen Earth 
model. 

ke
l

Sometimes, the LDCs are referred to as “Love numbers”, 
after the great English matematician Love (*), even if this 
should be done only for TIDAL LOADING (here we discuss 
SURFACE LOADING). 

Augustus Edward Hough Love 
(17 April 1863 in Weston-

super-Mare - 5 June 1940 in 
Oxford) 
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Green functions for layered Earth models     Elastic Earth

The TOTAL elastic Green Function for the gravity potential stems 
from the DIRECT (“rigid”) and INDIRECT terms:

Gr
φ(α, t) = δ(t)

∞∑

l=0

φr
l Pl(cos α) “DIRECT GF”

Ge
φ(α, t) = δ(t)

∞∑

l=0

φe
l Pl(cos α). “INCREMENTAL GF”

φr
l ≡

aγ

me
φe

l = ke
l φ

r
lWith and 

Gφ(α, t) ≡ Gr
φ + Ge

φ = δ(t)
aγ

me

∞∑

l=0

(1 + ke
l )Pl(cos α)

the TOTAL GF is:
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Green functions for layered Earth models     Elastic Earth

2) The displacement field is due to elastic yielding: 

−→u = Gu(α, t)r̂ + Gv(α, t)α̂
Displacement:

Gu(α, t)

Green function for 
vertical displacement:

Harmonic  decomposition:

Gu(α, t) = δ(t)
a

me

∞∑

l=0

he
l Pl(cos α)

µ(t)

P

α

r̂

α̂

−→u

he
l is  the Love number for vertical displacement.
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Green functions for layered Earth models     Elastic Earth

So, we summarize the GFs for an elastic Earth as:
{

1
γ Gφ

Gu

}

(α, t) =
a

me

∞∑

l=0

{
kl

hl

}

(t) Pl(cos α).(1)

where: 
{

kl

hl

}

(t) =

{
1 + ke

l

he
l

}

δ(t).(1)

are the ‘time-dependent Love numbers’ for an elastic Earth.  

HookeNewton
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HookeNewton

VISCO - ELASTIC Earth

Green functions for layered Earth models    V-Elastic Earth
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Maxwell

Hooke

KelvinBurgers

Maxwell

Seismology                 

PGR 
Newton

Mantle 
convection

Standard Linear Solid

Kelvin-Voigt

Green functions for layered Earth models    V-Elastic Earth
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Green functions for layered Earth models    V-Elastic Earth

The response of the Earth is not instantaneous due to 
“imperfections of elasticity”.  

From the literature, we know that for a visco-elastic Earth, the 
LDCs are the sum of an elastic and a viscous component: 

These quantities describe the “viscoelastic normal modes”.  

(he
l , k

e
l )

(hlj, klj)

{
kl

hl

}

(t) =

{
1 + ke

l

he
l

}

δ(t) + H(t)
M∑

j=1

{
klj

hlj

}

e−t/τlj

τlj

Elastic Love numbers 

Viscous Love numbers 

Characteristic relaxation times

with:
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Love numbers               (load-deformation coefficients) 

‣ Computing the LDCs demands solving the following 
system of equations, degree per degree (*): 

Momentum equation

Laplace equation

Continuity equation 

Constitutive equation 

Liouville equations

Momentum is conserved

The GP is harmonic outside

Mass is conserved

Sic tensio... or Maxwell, or..

Angular momentum is conserved

Equations are usually solved in the Laplace transform domain...
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Geophysical Journal International
Volume 11 Issue 1 Page 133 - September 1966

Computation of Love Numbers and Load 
Deformation Coefficients for a Model Earth

I. M. Longman
Department of Applied Mathematics, Weizmann Institute of Science, Rehovot, Israel

Summary
 

Computations of Love numbers and load deformation coefficients for a Gutenberg model Earth are 
described.

 The computations present some special features which are absent in the calculation of the periods of free 
oscillation of the Earth. This is due to the fact that the absence of inertia terms in the static problem involves a 
certain indeterminacy in the particle displacement in the liquid core. It is found that a necessary condition for the 
existence of a solution of the problem of the static deformation of the Earth under surface mass loads or externally 
applied gravity fields is that the Adams-Williamson condition holds in the core. This is without any assumption as to 
chemical homogeneity, but is merely a consequence of the assumption of zero rigidity in the core. Another special 
feature is the computation of the load deformation coefficient h'0(of order zero), which has a significance even 
though the ordinary Love number h0 does not exist. h'0 has not previously been evaluated by other authors, nor has 
its existence been noted. Three special dimensionless constants play a significant role in the calculations. ... ... 

Love numbers               (load-deformation coefficients) 
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A viscoelastic incompressible model with no density 
inversions is asymptotically stable. 

It is more convenient (and physically intuitive) to consider the 
Love numbers in response to an Heaviside step function (this 
corresponds to a creep experiment ...). 

The Heaviside Love number has the following complex “multi-
exponential form”, a superposition of exponentially decaying 
terms:

Love numbers               (load-deformation coefficients) 

h(t) = H(t)
[
he −

M∑

k=1

hkτk(1− e−t/τk)
]
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L=1 L=3 L=5

L=25

L=5

L=50 L=200

Love numbers               (load-deformation coefficients) 

64Friday, November 11, 2011



3. other transitions

2. major transition

~ GIA time-scale 
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Convergence to the PREM solution

(b)

PREM (L=200)
L=25

5
3
1

x ≈ xe

1. “elastic limit”:
fully uncompensated 
load

4. “fluid limit”: 
the lithosphere 

sustains  the load

x ≈ xe +
M∑

i=1

xi

si

COST ES0701 meeting                                                     Copenhagen, May 2009

‣ Heaviside Love numbers 

L
ov

e
n
um

be
r,

x
(t

)

time, t

x(t) = H(t)

[

xe +
M∑

i=1

xi

si
(1− esit)

]
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1). Basic things about Rheology

Outline

2). “Normal modes” (Spectra, Love numbers... )

Charles University in Prague, Department of Geophysics
November 7–11, 2011 

3). “Loading problems” (recent PGR benchmark 
activity )

4). Special topic: non-traditional computation of 
Love numbers 
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Ice loads                          northern hemisphere LGM                          

Northern hemisphere glaciation 
during the last ice ages. The set 
up of 3 to 4 km thick ice sheets 
caused a sea level lowering of 
about 120 m.
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ICE3G (N) ICE1 (N)

α

“disc load” “disc load” “disc load”

“disc loads”
“quadrilateral 

loads”

Ice loads                            examples of ice loads                    
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simple “disc” elements

ICE-3G

northern hemisphere southern hemisphere

Ice loads                            examples of ice loads                    

Tushingham, A. M., Peltier, W. R., 1991. 
Ice-3G: a new global model of late Pleistocene deglaciation based upon geophysical 

prediction of post--glacial sea level change. Journal of Geophysical Research 96, 
4497-4523.
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S U M M A R Y
The study of glacial isostatic adjustment (GIA) is gaining an increasingly important role within
the geophysical community. Understanding the response of the Earth to loading is crucial in
various contexts, ranging from the interpretation of modern satellite geodetic measurements
(e.g. GRACE and GOCE) to the projections of future sea level trends in response to climate
change. Modern modelling approaches to GIA are based on various techniques that range
from purely analytical formulations to fully numerical methods. Despite various teams inde-
pendently investigating GIA, we do not have a suitably large set of agreed numerical results
through which the methods may be validated; a community benchmark data set would clearly
be valuable. Following the example of the mantle convection community, here we present, for
the first time, the results of a benchmark study of codes designed to model GIA. This has
taken place within a collaboration facilitated through European Cooperation in Science and
Technology (COST) Action ES0701. The approaches benchmarked are based on significantly
different codes and different techniques. The test computations are based on models with
spherical symmetry and Maxwell rheology and include inputs from different methods and
solution techniques: viscoelastic normal modes, spectral-finite elements and finite elements.
The tests involve the loading and tidal Love numbers and their relaxation spectra, the de-
formation and gravity variations driven by surface loads characterized by simple geometry
and time history and the rotational fluctuations in response to glacial unloading. In spite of
the significant differences in the numerical methods employed, the test computations show a
satisfactory agreement between the results provided by the participants.

Key words: Numerical solutions; Sea level change; Dynamics of lithosphere and mantle;
Dynamics: gravity and tectonics; Mechanics, theory and modelling; Rheology: mantle.

1 I N T RO D U C T I O N

Numerical simulations of glacial isostatic adjustment (GIA) have
an important historical role in global geodynamics since they are
a key to constrain the rheological profile of the mantle (Cathles
1975) and help in the interpretation of present-day sea level vari-
ations and geodetic observations (King et al. 2010). Although
various benchmark studies of mantle convection have been suc-
cessfully completed since the late 1980s (Busse et al. 1994;
Blankenbach et al. 1989; Muhlhaus & Regenauer-Lieb 2005;

Re-use of this article is permitted in accordance with the Terms
and Conditions set out at http://wileyonlinelibrary.com/onlineopen#
OnlineOpen_Terms

Zhong et al. 2008), to date no extensive GIA benchmark has been
published on an international journal of Geophysics, in spite of
two remarkable initiatives in the last two decades. In the mid-
1990s, a benchmark project for GIA codes was launched by Georg
Kaufmann and Paul Johnston. Some results were collated until 1997,
when the flow of contribution from the participants ceased (the
initial proposal and some results are still available from the web
page http://rses.anu.edu.au/geodynamics/GIA_benchmark/). Since
the importance of a GIA benchmark was further stated at the eighth
European Workshop on Numerical Modeling of Mantle Convec-
tion and Lithospheric Dynamics, held in Hruba Skala (Czech Re-
public) in 2003, another call for an international collaboration
was opened. This new initiative, leaded by Jan M. Hagedoorn,
was not limited to GIA only but also included the study of the

106 C© 2011 The Authors
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Table 1. Top: participating WG4 COST Action ES0701 members and external contributors (starred), with notes about the independently developed codes
and methods. Bottom: contributions to the benchmark tests so far. (Here abbreviation TX/Y denotes test ‘X’ of Test Class ‘Y’.)

Acronym Code Author or user Short description of method and notes

Bl ABAQUS B. Lund Finite elements (FE) (Abaqus 2007); Flat-Earth approximation
Gs TABOO G. Spada Viscolastic Normal Modes (VNM). Fortran code and User Guide available from Gs or from the

Samizdat Press (http://samizdat.mines.edu/taboo/)
Gs PMTF G. Spada A Fortran program that computes the polar motion transfer function using the VNM method

(available from Gs)
Gsa ALMA G. Spada Post-Widder method (Spada & Boschi 2006; Spada 2008). Fortran code available from

http://www.fis.uniurb.it/spada/ALMA_minipage.html
Pg! ABAQUS P. Gasperini Finite elements (FE) (Abaqus 2007)
Rr FastLove-HiDeg R. E. M. Riva VNM (Riva & Vermeersen 2002)
Vb MHPLove V. R. Barletta A MathematicaTM Mathematica 4.1 2001 program for computing high precision Love numbers
Vk VILMA V. Klemann Spectral-finite elements (SFE) Martinec (2000)
Zm VEENT Z. Martinec VNM (Martinec & Wolf 1998), Fortran code available from Zm

Test Bl Gs Gsa Pg! Rr Vb Vk Zm Meaning of test

T1/1 x x x x Isostatic relaxation times
T2/1 x x x x Loading Love numbers
T3/1 x x x x Tidal Love numbers
T4/1 x x Polar motion transfer function
T5/1 x x x Time-domain Love numbers
T6/1 x x x x Love numbers of multistratified model
T7/1 x x x x x Degree-1 Love numbers
T1/2 x x x x x Geodetic quantities
T2/2 x x x x Rates of geodetic quantities
T3/2 x x Polar motion and LOD

tidal Love numbers and their spectra of characteristic times within
a range of harmonic degrees (hence the attribute ‘wavenumber’).
Love numbers are provided in the Laplace or in the time domain,
depending on the solution method employed. Test Class 1 also in-
cludes a study of the polar motion transfer function (PMTF), which
is pre-requisite to the solution of the Liouville equations. Regardless
of the solution method employed, all the Test Class 1 problems can
be solved studying the effects of an impulsive (i.e. delta-like) sur-
face or tidal loading to the external surface of the model. In the case
studies of Test Class 2 (‘spatial domain test’), we consider loading
problems that demand the computation of the surface deformations,
gravity and rotational variations in response to finite-size surface
loads.

The complexity of the tests proposed here varied from low to
moderate, since from our experience in this field and previous
benchmark attempts (see Introduction), we know that an agreement
on case studies of high complexity is often difficult to reach for
various reasons (these include misunderstandings about the theory,
unclear specification of problems and human errors). As a conse-
quence, we have made efforts to establish a set of agreed results
that can be extended in the future to include more complex case
studies. In this respect, the set of tasks proposed here will serve as a
basis for other benchmark efforts such as solving the GIA problem
by means of the SLE (e.g. Spada & Stocchi 2006). Since intercom-
parison of codes and techniques is useful to the community and to
future GIA investigations, no restrictions have been placed on the
solution methods listed in Table 1. However, investigators work-
ing with purely numerical methods (e.g. FEs) are mainly involved
in spatial case studies (Test Class 2) rather than in wavenumber
domain analyses that tend to be difficult (or time consuming) to
implement numerically. For this reason, FE investigators Pg and Bl
could not provide VNM results. Similarly, predictions based on spe-
cial Laplace inversion techniques as those employed by Gsa cannot
be employed to retrieve the Love numbers spectra in tests belonging
to Class 1. Contributors using the VNM theory are able, in principle,

to provide solutions to all case studies presented in the following.
However, not all available codes produce the necessary output to
fill all the entries of Table 1. Solutions obtained using different and
independent methods are of particular importance. Hence, the suite
of tests will be continued and the results published in a specifically
designed web page also open to GIA scientists not involved in this
COST Action.

Table 2 provides a list of conventional symbols used throughout
the manuscript and the numerical values of constants of interest
to the Test Classes to be used in all numerical implementations.
The reference model for all benchmark tests (M3–L70–V01) is
described in Table 3. Model M3–L70–V01 is characterized by a
spherical geometry, it is incompressible, and accounts for self-
gravitation of the solid Earth. Mantle layers and the lithosphere have
a Maxwell and a purely elastic rheology, respectively; the core is an
inviscid fluid and uniform. The viscosity profile of M3–L70–V01,
depicted in Fig. 1 by a thick line, corresponds to that of model
ICE-3G (Tushingham & Peltier 1991). A special test has been
designed for a multilayered viscosity profile, since the determi-
nation of Love numbers for finely stratified models has been the
subject of investigation during the last decade (see Vermeersen &
Sabadini 1997, and references therein). Thus, the benchmark con-
tributors were invited to provide Love numbers for model VSS96
(Vermeersen et al. 1996a) characterized by 28 mantle layers of vari-
able thickness as shown by a thin line in Fig. 1 (the geometry of
VSS96 density and shear modulus profiles is fully described in file
‘VSS96.dat’, available from the benchmark web page). Contribu-
tors have been also invited to provide results based on variants of
M3–L70–V01 according to the type of numerical implementation
preferred (e.g. some modellers interested in local investigations
may be more oriented to provide flat-Earth computations ignoring
self-gravitation at least in a first phase of the benchmark study).
Boundary conditions for tidal and loading forcing have been de-
scribed in a number of previous studies. While there is a consen-
sus about the boundary conditions appropriate for surface loading,

C© 2011 The Authors, GJI, 185, 106–132
Geophysical Journal International C© 2011 RAS
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L(θ, t) = σ(θ)f(t)

σ(θ) =
nmax∑

n=nmin

σnPn(cos θ)

Some important formulas for finite sized loads (I)

1. Surface load 
Fixed margins: the load is 

“factorized”

2. “Load  function”
depends on the load 

geometry






h̄
l̄
k̄






L

(t) ≡






hL(t)
lL(t)

δ(t) + kL(t)





∗ f(t)

3. Convolved 
Love numbers 
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Some important formulas for finite sized loads (II)

4.  An important case: Heaviside Love numbers 

5.  Final response:
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polar motion because it implicitly accounts for a finite lithospheric
strength. Aware of those issues, we have decided to benchmark
results based on eq. (11) because it constitutes the starting point to-
wards more advanced forms of the Liouville equations, in which, for
example, ks ≡ kT

obs, where kT
obs is the currently observed tidal Love

number of degree 2 (Mitrovica et al. 2005). However, since eq. (11)
has been recently the source of considerable debate (Nakada 2002;
Mitrovica et al. 2005; Nakada 2009; Peltier & Luthcke 2009), this
issue will be addressed within our ensuing SLE benchmark tests.

2.1.1 Test 1/1. Isostatic relaxation times

This test consists in the computation of the (isostatic) relaxation
times τ j ≡ −1/sj( j = 1, . . . , M) for model M3–L70–V01 (see
Table 3) in the range of harmonic degrees 2 ≤ n ≤ 256.

2.1.2 Test 2/1. Loading Love numbers

In this test, the computation of the elastic (he, le, ke)L and fluid
(hf , lf , kf )L Love numbers is required (all these quantities are non-
dimensional). Residues (hj, lj, kj)L ( j = 1, . . . , M) are also required.
The earth model and range of harmonic degrees are the same as in
Test 1/1.

2.1.3 Test 3/1. Tidal Love numbers

This case is the same as Test 2/1, but devoted to the tidal Love
numbers.

2.1.4 Test 4/1. PMTF

This test applies to the rotational relaxation times aj( j = 1, . . . , M ′)
(kyr−1) and the rotational residues Ae (non-dimensional), As and
Aj( j = 1, . . . , M ′) (kyr−1), which define the normal mode expansion
of the PMTF in the Laplace domain for model M3–L70–V01.

2.1.5 Test 5/1. Time domain Love numbers

This test is suitable for all computation methods that are not based
on the VNM theory. For a significant number of degrees in the
range 2 ≤ n ≤ 256, it consists of the computation of the Heaviside
Love numbers for model M3–L70–V01 (and possibly its variants)
directly in the time domain. The suggested (logarithmically spaced)
time window is 10−2 ≤ t ≤ 106 kyr.

2.1.6 Test 6/1. Love numbers for multistratified models

For the multistratified model VSS96 (28 Maxwell mantle layers,
a uniform core, and a homogeneous elastic lithosphere), this test
requires the computation of Love numbers in spectral form (by the
VNM method) or by any time-domain technique, for a significant
number of degrees within the range 2 ≤ n ≤ 256. The suggested
time window is the same as in Test 5/1.

2.1.7 Test 7/1. Love numbers of degree 1

This test requires the computation of the degree n = 1 loading Love
numbers, which can be provided in the VNM or in the time domain
form. The Love numbers should be expressed in the centre of mass
(CM) reference frame (discussion can be found in Greff-Lefftz &
Legros 1997), based on model M3–L70–V01 or VSS96.

2.2 Test Class 2: spatial domain

The Class 2 tests concern the computation of surface deformation,
geoid height variations and rotational variations (polar motion and
length of day) in response to an axisymmetric surface load. If the
VNM method is employed, these quantities can be computed starting
from the results of the wavenumber tests (see Section 2.1), mainly
using convolution methods.

A simple loading episode is simulated employing the loading
history f (t) = H (t), where H(t) is the Heaviside function. The load
(mass per unit surface) is

L(θ, t) = σ (θ ) f (t), (15)

where θ is the colatitude relative to its axis of symmetry; and the
surface mass density σ (θ ) is conveniently expanded into a series of
Legendre polynomials.

σ (θ ) =
nmax∑

n=nmin

σn Pn(cos θ ). (16)

The coefficients σ n can be computed by simple analytical methods
(see Spada 2003, and references therein). They are given in Table 4
for three relevant surface loads: the (δ-like) point load, the disc
load (with rectangular cross-section) and the cap (parabolic cross-
section). Mass conservation is not accounted for in the expressions
of σ n.

The response to the load (eq. 15) can be expressed in terms of
geodetic variables, which include vertical displacement (U), hor-
izontal displacement (V ) and geoid displacement (N) computed

Table 4. Description of the geometry of the ice loads. For all loads, the ice density is ρi = 931 kg m−3. The reference value for Earth radius a and the
definition of Tn(x), the Chebyshev polynomials of the second kind, are given in Table 2. Here h and α denote the ice thickness and the load half-extension,
respectively, while mδ is the mass of the point load. The Legendre coefficients σ n are adopted from Spada (2003). Reference numerical values for h, α and
mδ suggested for the spatial domain tests are also given. For Test 2/3, the colatitude and longitude of the centroid of the load geometries are θ c = 25◦ and
λc = 75◦.

Shape Surface mass density of load, σ (θ ) Legendre coefficients, σ n(n ≥ 1) Numerical values

Cap σ c(θ ) = ρih






√
cos θ − cos α

1 − cos α
, 0 ≤ θ ≤ α,

0, θ > α.

− ρih
4(1 − cos α)

[
Tn+1(α) − Tn+2(α)

n + 3/2
− Tn−1(α) − Tn(α)

n − 1/2

]
h = 1500 m

α = 10◦

Disc σ d (θ ) = ρih

{
1, 0 ≤ θ ≤ α,

0, θ > α.

ρih
2

[−Pn+1(cos α) + Pn−1(cos α)]
h = 1000 m

α = 10◦

Point σ δ(θ ) = mδ

2πa2 δ(1 − cos θ )
mδ

4πa2 (2n + 1) mδ = 1018 kg

C© 2011 The Authors, GJI, 185, 106–132
Geophysical Journal International C© 2011 RAS

Geometry of the ice loads: point-like, disc and cap

L(θ, t) = σ(θ)f(t) σ(θ) =
nmax∑

n=nmin

σnPn(cos θ)
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Table 2. The top part of this table shows frequently used symbols throughout the manuscript. Numerical values of physical constants used as parameters and
common to all test suites are shown in the bottom part.

Symbol Explanation Range/value/units/notes/reference

n Harmonic degree nmin ≤ n ≤ nmax

t Time Units of yr or kyr
s Laplace variable Units of yr−1 or kyr−1

M Number of isostatic modes M ≥ 1 (M = 9 for M3–L70–V01)
M ′ Number of rotational modes M ′ = M − 1 or M ′ = M
H (t) Heaviside step function H (t) = 1 for t ≥ 0, H (t) = 0 otherwise
hL , l L , kL Loading Love numbers eqs (1) and (19)
hT , lT , kT Tidal Love numbers Same form of eqs (1) and (19)
sj, τ j Isostatic frequencies and times 1 ≤ j ≤ M
m, ṁ Polar motion and rate of polar motion eq. (3)
!R , !L Rotational and loading excitation functions eqs (5) and (21)
M(s) Polar motion transfer function (PMTF) eq. (12)
aj Rotational characteristic frequencies 1 ≤ j ≤ M ′ (see eq. 12)
As, Ae Secular and elastic rotational residues eq. (12)
Aj, A′

j, A′′
j Rotational residues 1 ≤ j ≤ M ′ (see eqs 12 and 22)

Sj Modal strength eq. (37)
Pn(cos θ ) Legendre polynomial of degree n θ = colatitude (0◦ ≤ θ ≤ 180◦)
Tn(α) 2nd kind Chebyshev polynomial Tn(α) = cos (nα)
U , V , N Vertical, horizontal and geoid displacements eq. (17)
U̇ , V̇ , Ṅ Rates of U , V , N Time derivative of eq. (17)

Seconds in one year 3.15576 × 107 s
G Newton constant 6.6732 × 10−11 m3 kg−1 s−2

a Earth radius 6.371 × 106 m
π Pi 3.14159265358979323840
i Imaginary unit

√
−1

ρw, ρi Water and ice density 1000 and 931 kg m−3

C, A Polar and equatorial moments of inertia 8.0394 and 8.0131 × 1037 kg m2

& Earth angular velocity 7.292115 × 10−5 s−1

Table 3. Model parameters for M3–L70–V01, the reference model for
this benchmark study. The (unperturbed) gravity at the interfaces is com-
puted according to the reference density profile. These parameters are also
adopted in model M3–L70–V01f, the flat-Earth variant of M3–L70–V01
implemented in the FE scheme of Bl (see Section 4.2.3).

Radius Density Shear modulus Viscosity Gravity
(km) (kg m−3) (×1011 Pa) (×1021 Pa s) (m s−2)

6371 3037 0.50605 ∞ 9.815
6301 3438 0.70363 1 9.854
5951 3871 1.05490 1 9.978
5701 4978 2.28340 2 10.024
3480 10750 0 0 10.457

core–mantle boundary (CMB) conditions have been the subject of
considerable debate in the past (see, e.g. Spada 1995, and references
therein). We assume that contributors are using the CMB solid–fluid
boundary conditions described by, for example, Wu & Ni (1996),
which currently are agreed on within the GIA community.

2.1 Test Class 1: wavenumber domain

Wavenumber domain tests are designed to provide predictions of
loading and tidal Love numbers and to compute the PMTF. Within
the VNM method, these quantities computed in the Laplace trans-
form (LT) domain are a pre-requisite for the solution of isostatic
and rotational spatial domain problems. For ease of presentation,
we only discuss the basic mathematical background, referring to,
for example, Spada (2003) for a more in-depth account. The bench-
mark is presently concentrated on the spheroidal Love numbers and

associated field quantities; toroidal Love numbers (Martinec 2007)
will be the subject of future investigations.

According to the VNM theory (see, e.g. Spada 2003), the
Laplace-transformed loading Love numbers have the spectral form






h
l
k






L

(s) =






he

le

ke






L

+
M∑

j=1

1
s − s j






h j

l j

k j






L

, (1)

where symbols (h, l, k) refer to vertical displacement, horizontal
displacement and incremental gravity potential, L stands for ‘load-
ing’, subscript e denotes the elastic response, sj are characteristic
frequencies, (hj, lj, kj) are the viscoelastic residues associated with
each frequency and the dependence on the harmonic degree n is im-
plicit to simplify notation. For the tidal Love numbers (h, l, k)T (s),
which correspond the case of an externally applied potential that
does not load the surface of the Earth, a form similar to (1) holds,
with the sj’s unchanged since these only depend upon the model
structure. For a stably stratified incompressible earth (in which den-
sity is constant or increasing with depth), poles sj are found along
the real negative axis of the complex plane, which ensures asymp-
totically stable time-domain Love numbers. The number M of the
viscoelastic modes in eq. (1) scales linearly with the number of
layers with distinct viscoelastic properties and is the same for all
Love numbers for degrees n ≥ 2 (Wu & Ni 1996). In the special
case n = 1, the number of modes is smaller than M (Greff-Lefftz &
Legros 1997). Since we are dealing with an incompressible model,
Love numbers of degree n = 0 vanish.

Elastic Love numbers (he, le, ke) are unaffected by the viscosity
profile. The same holds true for the fluid loading (or tidal) Love
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Figure 1. Viscosity profile of models M3–L70–V01 (a three-layer viscosity profile, see Table 3) and VSS96 (a 28-layer profile from Vermeersen et al. 1996a).
VSS96 is used in Test 6/1.

numbers, having both the form
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h f
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obtained by the zero-frequency limit (s "→ 0) of eq. (1).
The VNM method also provides the framework for the description

of the rotational response of the Earth to surface loading. In the time
domain, the linearized Liouville equations for polar motion read

i
ṁ
σr

+ m = !(t), (3)

where σ r is the Chandler wobble (Cw) angular frequency for a rigid
earth, i =

√
−1, m(t) = mx + imy = (ωx + iωy)/# is the polar

motion vector, ω is the angular velocity vector, # is the average
angular velocity and

!(t) = !L (t) + !R(t) (4)

is the total polar motion excitation function, which accounts for
rotational and a loading deformation through !R(t) and !L(t), re-
spectively (Munk & MacDonald 1975). Eq. (3) is only valid for
small displacements of the pole relative to its initial position, an ap-
proximation that is appropriate in the context of GIA. The rotational
excitation function is

!R(t) = kT (t)
ks

∗ m(t), (5)

where kT (t) is the tidal Love number of degree n = 2, ks is the
degree 2 secular tidal Love number (Munk & MacDonald 1975)
and ∗ is time convolution. Substitution of (4) into (3) using (5)
gives the Liouville equations in the form

i
ṁ(t)
σr

+
[
δ(t) − kT (t)

ks

]
∗ m(t) = !L (t), (6)

where δ(t) is Dirac’s delta. Solving eq. (6) may be tackled in two
ways. The first way is simply to neglect the term i ṁ

σr
& 1, which

is physically justified considering that the timescale of GIA (a few
thousands of years) largely exceeds the Cw period for a rigid earth
(∼10 months). In this case, the LT of (6) is
[

1 − kT (s)
ks

]
m(s) = !L (s), (7)

where !L(s) is the LT of !L(t). In the second way, the term i ṁ
σr

is
not neglected, which gives the ‘exact’ LT of Liouville equations
(

i
σr

s + 1 − kT (s)
ks

)
m(s) = !L (s), (8)

where the initial condition

m(0+) = 0 (9)

has been explicitly assumed.
Eqs (7) and (8) can be transformed into a convenient spectral

form

m(s) = M(s)!L (s), (10)

where M(s) is the PMTF. Physically, M(s) represents the dis-
placement of the instantaneous pole of rotation for a unit loading
excitation in the frequency domain. Assuming

ks ≡ kT
f , (11)

the PMTF can be expanded as

M(s) = Ae + As

s
+

M ′∑

j=1

A j

s − a j
, (12)

where the aj, which are roots of a degree M ′ polynomial dispersion
equation, represent the (complex) rotational counterparts of the
isostatic frequencies sj in eq. (1). Terms Ae (elastic), As (secular)
and Aj are (complex) rotational residues. Their amplitude and the
value of M ′ in eq. (12) depend on the way the Cw is accounted for.
In particular

Ae *= 0 and M ′ = M − 1, (Cw neglected) , (13)

whereas

Ae = 0 and M ′ = M, (Cw not neglected) . (14)

We note that assumption (11) implies that the Earth is rotating in a
state of hydrostatic equilibrium before loading. This corresponds to
the usual assumption in GIA modelling where any non-hydrostatic
effect from mantle convection on the shape of the rotating Earth
is normally ignored, as discussed by Mitrovica et al. (2005). Fur-
thermore, since in our GIA modelling we employ a perfectly elastic
lithosphere, eq. (11) is not adequate for modelling of long-term
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et al. 2004; Hagedoorn et al. 2006; Wolf et al. 2006). The influence
of rotational deformations on the viscoelastic response was addi-
tionally considered in Martinec & Hagedoorn (2005). The code
was extended to a 2-D viscosity structure and applied to regional
problems (Jacoby et al. 2007; Klemann et al. 2007) and the fully
3-D version is considered in Klemann et al. (2008) and Tanaka
et al. (2009) for the problem of postseismic deformation. The com-
pressibility has recently been implemented by employing FEs with
a constant density and compressibility (Tanaka et al. 2010). The
code is written in FORTRAN; for the 3-D routines, an OPENMP
parallelization is applied (OpenMP 2005). For the benchmarks con-
sidered in this paper, the 3-D version of the code is used by applying
it to the respective 1-D structures.

3.7 Zm

Contributions from Zm have been obtained using code VEENT,
which implements the matrix propagator technique in the Laplace
transform domain for computing the response of a self-gravitating,
incompressible, layered linear viscoelastic sphere to a surface grav-
itating load. It is based on the analytical formulae for the layer
propagator matrix (Martinec & Wolf 1998). Its explicit dependence
on the Laplace-transform variable s allows us to determine the am-
plitudes of viscous (isostatic) modes analytically.

4 R E S U LT S

4.1 Results for the wavenumber domain

4.1.1 Results for Test 1/1 (isostatic relaxation times)

The spectrum of relaxation times τ j( j = 1, . . . , M) for model
M3–L70–V01, displayed by small circles, is shown in Fig. 2. The
nine branches of the spectrum, labelled according to the usual con-
ventions in VNM theory (Peltier 1985; Spada et al. 1992), include
four ‘transient modes’ (T1-T4), a ‘core’ mode (C0), a ‘lithospheric’
mode (L0) and three ‘mantle’ modes (M0, M1 and M2). For insight
into the physical origin of these modes and how their number de-
pends upon the complexity of the model, see, for example, Peltier
(1985) and Wu & Ni (1996).

In Fig. 2, data from Vb, Rr, Gs and Zm are superimposed and
show an excellent mutual agreement with each other. According to
Table 5, where numerical values of τ j are shown for some n values,
predictions based on these four independently written codes are in
agreement at least in the first six significant figures (this holds for
all harmonic degrees in the range of Test 1/1). Considering the dis-
tinct approaches followed by the contributors (see Section 3) and by
the different numerical implementations, the results of this first test
have a particular importance, and confirm that the computation of
the isostatic spectrum of incompressible earth models is a straight-
forward task (Vermeersen et al. 1996b). This is true in spite of some
complexity in Fig. 2, as the coalescence of the T modes in the lower
part of the spectrum and the crossing of L0, M0 and C0 branches
for n ≈ 8.

4.1.2 Results for Test 2/1 (loading Love numbers)

Elastic and fluid loading Love numbers, according to Test 2/1, are
displayed in Fig. 3, where predictions from Vb, Rr and Gs are super-
imposed and shown as a function of harmonic degree n. The fluid
Love numbers have been computed by all contributors (Vb, Rr and

Figure 2. Spectrum of the isostatic relaxation times τ j, ( j = 1, . . . , M),
expressed in years, for model M3–L70–V01 in the range of degrees 2 ≤ n
≤ 256, according to data sets provided by Vb, Rr, Gs and Zm (Test 1/1).
The number of modes is M = 9, branches are labelled according to usual
conventions.

Gs) using eq. (2), which entails the computation of the viscoelastic
residues. Alternatively, these could be evaluated via the propaga-
tion of the solution through a perfectly fluid mantle up to the elastic
lithosphere (Wu & Peltier 1982). This latter approach, which for
an incompressible earth merely represents a consistency test, would
certainly be extremely helpful in the case of a compressible model,
for which the number of normal modes is infinite and their nu-
merical determination is extremely challenging (Vermeersen et al.
1996b).

The offset between the elastic (labelled by ‘e’) and fluid (‘f’)
curves provide, at any given harmonic degree, the total amount of
viscoelastic relaxation that each loading Love number undergoes.
For small n values, the load is close to a state of perfect isostatic equi-
librium in the fluid limit (kL

f ≈ −1 in frame c). For sufficiently large
n values, elastic and fluid Love numbers reach the same asymptote
since loads of sufficiently short lateral extent are fully supported by
the elastic lithosphere, which prevents mantle relaxation. All load-
ing Love numbers are negative, with the exception of the horizontal
Love number (frame b), which may change its sign in the transition
from the elastic to the fluid regime. Interestingly, for degree n ≈
15 the horizontal Love number shows a negligible amount of total
relaxation (lL

e ≈ lL
f ) but varies substantially between these two states.

From the results of Fig. 3 it is clear that the agreement between
predictions of elastic and fluid Love numbers provided by Vb, Rr, Gs
and Zm is fully satisfactory. Inspection of some numerical values,
displayed in Table 6 for reference, shows that predictions from
Vb, Rr and Gs coincide in the first eight digits in the range of
harmonic degrees. Small discrepancies are shown for computations
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Figure 3. Elastic (e, circles) and fluid (f, squares) loading Love numbers for model M3–L70–V01 as a function of harmonic degree (Test 2/1), computed
according to contributors Vb, Rr and Gs. Vertical, horizontal and potential Love numbers are shown in frames (a), (b) and (c), respectively.

Table 6. Elastic and fluid loading Love numbers according to predictions from Vb, Rr, and Gs (VRG) for Test 2/1. Results provided by Zm differ from VRG
by less than one part in 105 for degrees in the range 2−128. Here yx and yx are abbreviations for y × 10x and y × 10−x, respectively.

n hL
e hL

f lL
e lL

f kL
e kL

f

2 −0.453915580 −0.264554941 −0.128221490 −0.772897350 −0.243983160 −0.984255420

3 −0.460598720 −0.370516261 −0.672379231 −0.507412800 −0.163798860 −0.984226120

4 −0.453094440 −0.476517131 −0.554990931 −0.374176400 −0.117385740 −0.983580140

5 −0.469288020 −0.582515681 −0.521188441 −0.291513090 −0.947296331 −0.982686580

6 −0.502508640 −0.688484401 −0.494002471 −0.233973640 −0.827989971 −0.981648130

15 −0.923949690 −0.163292832 −0.253387341 −0.224789401 −0.561682421 −0.966415380

30 −0.138473101 −0.296465442 −0.809246882 +0.105313120 −0.409208521 −0.878141480

64 −0.166800131 −0.257508002 −0.303560952 +0.109616690 −0.224640901 −0.350872510

128 −0.192106041 −0.686470601 −0.139764792 +0.182725631 −0.125577911 −0.453927221

256 −0.219042641 −0.264274851 −0.206125023 +0.103884572 −0.706846222 −0.854407542

centrifugal deformation (see eq. 5) and represents one of the basic
ingredients of the PMTFM(s). As for the loading case (see Table 7,
left-hand side), results from Vb, Rr and Gs agree to within one part
into 108.

4.1.4 Results for Test 4/1 (PMTF)

Benchmark results for the PMTF are shown in Table 8, where coef-
ficients As, aj and Aj provided by Vb and Gs are directly compared,
with real and imaginary components shown at the top and bottom
parts of the table, respectively. The PMTF, which has been com-
puted including the Cw term in the Liouville equations, shows M =
9 and M = 12 modes for Vb and for Gs, respectively (the three extra
modes contributed by Gs derive from keeping the three Maxwell
modes in the spectrum of isostatic modes). Results pertaining to the
case in which the Cw is neglected since the onset of computations,
will be employed in the spatial-domain test for polar motion (see
Section 4.2.4).

The agreement between Vb and Gs in Table 8 is good, but some
significant differences are clearly seen, especially in the imaginary
components of modes with small amplitude (see the first few en-
tries in the lower part of the table). These differences may come
as a surprise, given the excellent agreement between Gs and Vb

predictions for the isostatic relaxation times and residues (see Sec-
tions 4.1.1 and 4.1.2). However, computing the PMTF from these
quantities demands, in the Laplace domain, a number of operations
with polynomials (including complex root finding) that can cause
differences in the final results if not performed with comparable
precision of the codes (the algebraic complexity and the pitfalls of
the problem is well illustrated by e.g. Wu & Peltier 1984). We have
verified that codes employed by Gs and Vb are able to reproduce
results based on another three-layer model (Vermeersen & Sabadini
1996), qualitatively showing the same level of misfit demonstrated
in Table 8. To appreciate correctly the effective implications of the
discrepancies in Table 8, we have computed the strength Sj of the
j-th rotational mode, expressed as a percentage in the last column,
where strength is defined as

Sj = |A j/a j |
M ′∑

k=1

|Ak/ak |

× 100, ( j = 1, . . . , M ′). (37)

Since differences between the stronger modes do not exceed 1 per
cent (including the secular term As and the Cw term), it is clear
that Gs and Vb are effectively producing the same PMTF, in spite
of misfits between individual residues evidenced above. The phys-
ical equivalence between results from Vb and Gs is confirmed in
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Figure 4. Comparison between absolute values of residues of the loading Love numbers computed for model M3–L70–V01 by Rr and Vb (Test 2/1).
Smoothness of the nine branches with varying n may indicate that Love number formalism is correctly implemented.

Table 7. Spectral components of loading Love number kL (left, Test 2/1)
and of tidal Love number kT (right, 3/1) of harmonic degree n = 2 according
to predictions from Vb, Rr, Gs and Zm. All these codes agree to within one
part in 108.

Component of kL Numerical value Component of kT Numerical value

kL
e −0.243983160 kT

e 0.303464660

kL
f −0.984255420 kT

f 0.966723890

kL
1 −0.129425126 kT

1 0.579714618

kL
2 −0.727222614 kT

2 0.796882955

kL
3 +0.280521703 kT

3 0.178763813

kL
4 −0.758335281 kT

4 0.427943121

kL
5 −0.465094130 kT

5 0.607367630

kL
6 −0.117656891 kT

6 0.138148121

kL
7 −0.727296342 kT

7 0.129399041

kL
8 −0.228408013 kT

8 0.271328703

kL
9 −0.671350284 kT

9 0.158942583

Section 4.2.4 later, where M(s) is employed to compute polar mo-
tion in the time domain.

4.1.5 Results for Test 5/1 (time-domain Love numbers)

In Fig. 6 we present results pertaining to loading Love numbers (h, l,
k)L (t) computed in the time domain, in the case of a Heaviside load-
ing, for model M3–L70–V01 (no contributor has provided solutions
for tidal Heaviside Love numbers). Three solutions are compared
in a time window ranging between 1 and 108 yr, far in excess of
the GIA timescales. The first solution (Gs, solid lines, obtained by
TABOO) is based on the VNM method. In this case, Heaviside Love
numbers are obtained by time-convolution applying eq. (18) in 201
logarithmically spaced points within the time interval considered,
with results connected by segments. The second, provided by Vk
(open squares), is obtained by an SFE approach using code VILMA,
while the third (Gsa, crosses) is based on code ALMA (see Section 3
for details of the codes). For the sake of clarity of presentation, in

the case of Gsa the time grid is coarser than the one employed by
Vk. Loading Love numbers are computed in three different ranges
of harmonic degrees as shown in caption of Fig. 6.

The match between the three solutions in Fig. 6 is remarkable
across the whole time window considered. This result is particularly
important since these solutions have been obtained with methods
(and codes) actually independent one from another. Numerical val-
ues of Love numbers, which are provided as accompanying material,
will allow the reader to quantitatively appreciate misfits between the
results. By visual inspection of Fig. 6, Vk has noted a slight, system-
atic offset between VILMA and the two competing codes TABOO
and ALMA. This can be barely appreciated in frame (i) of Fig. 6,
where kL (t) is computed in the range 128 ≤ n ≤ 256. Due to the
mismatch for large n, Vk, in a second run reduced the step size
of the radial FEs in the elastic lithosphere from 5 to 2.5 km. This
refinement decreased the deviation from the other two solutions rea-
sonably and confirms the importance of employing semi-analytical
tools (e.g. TABOO) to validate numerical codes (and vice versa),
especially in the case of computation of short-wavelength (or long-
time) limits. The challenging issue of the computation of very large
degree Love numbers is not addressed in this study, but would
deserve an in-depth analysis due to its relevance in regional investi-
gations of glacio-isostasy (Barletta et al. 2006; Spada et al. 2009).
Recently, Spada et al. (2010) have shown that ALMA provides reli-
able results up to n = O(104), which however are still awaiting for a
validation by means of a code based on the VNM method (TABOO
fails for very large n values, see Spada 2008) or on FE.

4.1.6 Results for Test 6/1 (Love numbers for multistratified models)

The computation of Love numbers for multistratified models is
a challenging problem that has been discussed in length during
the past (see, e.g. Vermeersen & Sabadini 1997, and references
therein). Using model VSS96, whose viscosity profile is shown in
Fig. 1, in Fig. 7 we compare contributions from Vk (SFE method),
Gsa (Post–Widder Laplace inversion formula) and Rr (VNM). The
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Figure 6. Time-domain loading Love numbers for Test 5/1 in the ranges of harmonic degrees 2 ≤ n ≤ 9 (top panels), 12 ≤ n ≤ 96 (middle panels), 128 ≤
n ≤ 254 (bottom panels). Love numbers have been contributed by Gs (solid lines), Vk (squares) and Gsa (crosses) based on three independent solution methods
(see text).

reasons, Test 6/1 has a particular importance in this study. The di-
rect comparison between contributions from Vk (open squares), Gsa
(solid lines) and Rr (dots) in Fig. 7, shows a satisfactory agreement
between time domain (Gsa and Vk) and VNM (Rr) Love numbers
in the time window 10−1 ≤ t ≤ 103 kyr. Outside this range, Rr
and Gsa match very closely. Similarly to the case of M3–L70–V01
(see Fig. 6), discrepancies between Gsa and Vk are visible in the
case of Love numbers of large degree (see three bottom frames).
Further numerical experiments, whose results are not reported here,
have shown that these differences can be mitigated by increasing
the spatial resolution of VILMA and/or tuning the number of digits
in the multiprecision environment on which ALMA depends.

4.1.7 Results for Test 7/1 (degree one Love numbers)

Results for degree n = 1 loading Love numbers are shown in Table 9
and Fig. 8. The table shows numerical values of the inverse relax-
ation times sj and spectral components of hL and l L provided by
Vb using the VNM method, expressed in the reference frame with
the origin in the centre of mass (CM) of the system (Earth + Load)
(see Greff-Lefftz & Legros 1997; Greff-Lefftz 2000). As for the
other VNM contributors, the approach to these special Love num-
bers follows the recipe proposed by Greff-Lefftz & Legros (1997).
Note that the kL Love number is equal to −1; this is true for any
possible earth model since this corresponds to the boundary condi-
tion of vanishing total incremental potential on the surface of the

Earth (Greff-Lefftz & Legros 1997). The elastic solutions are quite
close to those pertaining to the homogeneous incompressible sphere
(namely hE = l E = −1, independently from the physical parameters
of the sphere), but the fluid values depart significantly from these
values. The VNM solution by Gs and Rr are not reported in Table 9
(but are available from the benchmark web page). Rather, along
with solutions by Vb, they are transformed into the time domain
by convolution with the Heaviside function, shown Fig. 8 (as far
as we know, this is the first time that degree n = 1 Love numbers
are shown in this form and benchmarked). The time evolution is
complex, but a close agreement between the solutions is apparent.
The same holds for Love numbers that are directly computed in the
time domain (Gsa, 201 time points in the interval considered) and
(Vk, open squares).

4.2 Results for the spatial domain

4.2.1 Results for Test 1/2 (geodetic quantities)

In Fig. 9, we directly compare the geodetic quantities U , V and
N according to Gs (solid lines, obtained by VNM code TABOO)
and Vk (crosses, by the SFE implementation used in VILMA).
According to Test 1/2 description, these quantities are shown for
different times after loading, as a function of colatitude θ measured
with respect to the load centre. For a better visualization of the
results, Gs predictions are shown with a spacing of δθ = 0.5◦ in
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Figure 7. Time-domain loading Love numbers for Test 6/1 (multistratified model VSS96) in the ranges of harmonic degrees 2 ≤ n ≤ 9 (top panels), 12 ≤
n ≤ 96 (middle panels), 128 ≤ n ≤ 254 (bottom panels). Love numbers have been contributed by Vk (squares), Gsa (solid lines, 201 points in the whole time
range) and Rr (dots, 144 points) based on codes VILMA, ALMA and FastLove-HiDeg, respectively. Note that the y-axes range is not the same as in Fig. 6.

Figure 8. Time-domain loading Love numbers of degree n = 1 for Test
7/1 obtained by contributors Rr, Vb, Gs (by VNM), Gsa (by Post–Widder
formula) and Vk (by SFE, squares). Note that kL (t) = −1 (dashed line).

the range of colatitudes, while for Vk this grid is used only for 0 <

θ ≤ α = 15◦; a coarser resolution (δθ = 1◦) is employed outside
this range. Results for the parabolic and for the disc load are shown
in the left and right frames, respectively; in both cases a Heaviside
time history is used and mass conservation is not imposed (the load
parameters are detailed in Table 4).

The results of Fig. 9 pertaining to U (frames a and b) and N
(e and d) have an elementary physical interpretation in view of
the simple loading time history employed. After the instantaneous
elastic response, these fields monotonously evolve to final values
in which the load is isostatically compensated. In this state, marked
by ‘∞’ in the Gs results (this corresponds to t = 103 kyr), verti-
cal displacement attains its maximum amplitude, while the geoid
undulations are ≈0. Horizontal displacements, shown in frames (c)
and (d), vanish for θ = 0◦ by virtue of the load symmetry and show
a more complex pattern with varying θ compared to U and N , with
local minima that develop in the proximity of the load margin (θ ≈
α = 10◦). Furthermore, they do not show a monotonous time evolu-
tion towards equilibrium; rather, maximum amplitudes are reached
at time t & 10 kyr, and they decay by a factor of ∼2 before a full
compensation is reached. In the range of colatitudes considered,
all horizontal displacements are positive (i.e. along the direction of
increasing θ , away from the load centre); for large θ values, they
change sign (see Table 11).

The overall agreement between Gs and Vk is qualitatively ap-
parent from the results of Fig. 9. To provide the reader with a
more precise comparison that may be useful for benchmarking their
codes, in Tables 10, 11 and 12 we report, in the case of the cap, nu-
merical values of U , V and N for some points of the spatio-temporal
grid, also including colatitudes outside the near-field range of Fig. 9
(full arrays of values available from the benchmark web page). The
tables compare three solutions, where those of Vk and Zm apply
the SFE method and Gs applies the VNM method. In most of the

C© 2011 The Authors, GJI, 185, 106–132
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Table 9. Spectral form of loading Love numbers of degree n = 1 in the CM provided by Vb for Test 7/1. Others have contributed a different number of modes
(M = 9 for Gs and M = 12 for Rr), but the agreement between VNM and time-domain solutions shown in Fig. 8 clearly demonstrates that all the strength is
contained in the M = 6 modes reported here.

Elastic Fluid sj hj lj

he = −0.101748431 hf = −0.160729851 −0.334162961 −0.150842464 −0.771714184

le = −0.108122251 lf = −0.173711711 −0.228140911 −0.491730503 −0.276189062

ke = −1 kf = −1 −0.233528230 −0.567878651 −0.245945310

−0.153403881 −0.284819023 −0.134539301

−0.449056713 −0.125679953 +0.540822193

−0.122565824 −0.588054346 +0.872494606

Figure 9. Vertical, horizontal and geoid displacements at the Earth’s surface (Test 1/2) according to Gs (VNM method, solid lines) and Vk (SFE, dots) for a
cap ice-sheet model (left-hand side) and a disc (right-hand side) imposed at time t = 0. Symbol ‘∞’ stands for t = 103 kyr for Gs and corresponds to isostatic
equilibrium, this datum is not available for Vk.

C© 2011 The Authors, GJI, 185, 106–132
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Figure 10. Rates of vertical, horizontal and geoid displacements at the Earth’s surface (Test 2/2) according to Gs (VNM method, solid lines) and Vk (SFE,
dots) for a cap ice-sheet model (left-hand side) and a disc (right-hand side) imposed at time t = 0. Symbol ‘∞’ marking the horizontal lines in each plot stands
for t = 103 kyr.

considerably smaller amplitude in the region θ ≥ 10◦. These re-
sults are in agreement with Amelung & Wolf (1994) who compared
analytical flat-earth models to spherical models and observed a
similar difference in magnitude and sense of the displacements.
Schotman et al. (2008) recently compared flat-earth FE models
with spherical models and concluded that the difference between
the two are larger during loading than during unloading. In the
range of times t ≥ 1 kyr (b), the three models considered in this test
provide comparable results for U̇ .

4.2.4 Results for Test 3/2 (polar motion and LOD)

The coefficients A′
s and A′

j that enter the polar motion solution in
the time domain (see eqs 28 and 29) are shown in Table 13 accord-

ing to results provided by Vb and Gs. Results for polar motion in
the time domain (Test 3/2) are presented in Table 14. Rather than
individual Cartesian components, we provide numerical values of
|m| and |ṁ| for various values of t and for the three load models
of Table 4. The corresponding geometrical factors Gσ are provided
in the table header. Results by Gs include the contributions of the
small numerically determined A

′′
j coefficients in eqs (28) and (29),

whereas in computations from Vb the exact algebraic result (eq. 30)
is applied. Left- and right-hand parts of Table 14 show results ob-
tained including (Cw %= 0) and excluding (Cw = 0) the Cw term
from eqs (28) and (29). Since the real parts of A′

s and (A′
j) exceed

their imaginary parts by several orders of magnitude (see Table 13),
Arg(m) and Arg(ṁ) essentially coincide with Arg(Gσ ) = 105◦W;
if Cw %= 0, this condition is met after a transient determined by

C© 2011 The Authors, GJI, 185, 106–132
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Table 10. Comparison between vertical displacements U (θ , t) independently computed by Vk, Gs and Zm for Test 1/2 (cap load model). Numbers in
parentheses following the contributor abbreviation is time in units of kyr. Units for U , V and N are metres throughout. The figures are obtained by truncating
the outputs of codes at the centimetre level. Superscripts a and b indicate that the corresponding quantities are computed by Vk at θ = 0.01◦ and θ = 179.99◦,
respectively. Symbol ‘∞’ stands for t = 103 kyr for Gs. The corresponding values are not available for Vk and Zm, since the computations would require an
exceedingly long CPU time.

θ t Vk, U Gs, U Zm, U θ t Vk, U Gs, U Zm, U
(deg) (kyr) (m) (m) (m) (deg) (kyr) (m) (m) (m)

0◦ 0 −27.81a −27.77 −27.77 45◦ 0 0.60 0.61 0.60
1 −94.49a −94.40 −94.42 1 2.28 2.27 2.27
5 −237.58a −237.49 −237.50 5 4.37 4.35 4.35

10 −303.03a −303.01 −302.99 10 4.63 4.61 4.62
∞ . . . −388.11 . . . ∞ . . . 6.20 . . .

5◦ 0 −23.65 −23.64 −23.65 90◦ 0 0.51 0.51 0.51
1 −79.59 −79.53 −79.55 1 1.01 1.00 1.01
5 −199.62 −199.59 −199.60 5 1.28 1.27 1.28

10 −256.98 −257.05 −257.03 10 1.46 1.45 1.46
∞ . . . −338.30 . . . ∞ . . . 1.70 . . .

10◦ 0 −7.49 −7.33 −7.38 120◦ 0 −0.14 −0.14 −0.14
1 −25.25 −24.80 −24.92 1 −0.42 −0.42 −0.42
5 −48.88 −47.73 −48.04 5 −0.64 −0.63 −0.63

10 −50.94 −49.35 −49.77 10 −0.72 −0.71 −0.71
∞ . . . −59.24 . . . ∞ . . . −0.95 . . .

20◦ 0 −1.20 −1.20 −1.20 180◦ 0 −0.85b −0.85 −0.85
1 −1.72 −1.72 −1.72 1 −1.82b −1.82 −1.82
5 3.87 3.85 3.85 5 −2.67b −2.66 −2.66

10 7.07 7.03 7.04 10 −2.97b −2.97 −2.97
∞ . . . 8.55 . . . ∞ . . . −3.58 . . .

Table 11. As in Table 10, but for horizontal displacement V (θ , t) in Test 1/2.

θ t Vk, V Gs, V Zm, V θ t Vk, V Gs, V Zm, V
(deg) (kyr) (m) (m) (m) (deg) (kyr) (m) (m) (m)

0◦ 0 0.01a 0.00 0.00 45◦ 0 0.68 0.67 0.68
1 0.02a 0.00 0.00 1 2.29 2.28 2.28
5 0.05a 0.00 0.00 5 5.40 5.38 5.38
10 0.06a 0.00 0.00 10 7.05 7.01 7.02
∞ . . . 0.00 . . . ∞ . . . 6.23 . . .

5◦ 0 5.63 5.63 5.63 90◦ 0 −0.20 −0.20 −0.20
1 13.05 13.04 13.05 1 −0.75 −0.75 −0.75
5 25.70 25.66 25.68 5 −1.95 −1.94 −1.94
10 28.53 28.49 28.50 10 −2.51 −2.52 −2.50
∞ . . . 20.03 . . . ∞ . . . −1.92 . . .

10◦ 0 7.34 7.32 7.32 120◦ 0 −0.48 −0.48 −0.48
1 16.67 16.63 16.64 1 −1.40 −1.40 −1.40
5 31.88 31.82 31.85 5 −2.92 −2.91 −2.91
10 34.08 34.02 34.05 10 −3.65 −3.63 −3.64
∞ . . . 17.56 . . . ∞ . . . −3.38 . . .

20◦ 0 2.65 2.64 2.64 180◦ 0 −0.00b 0.00 0.00
1 8.94 8.90 8.91 1 −0.00b 0.00 0.00
5 22.39 22.29 22.32 5 −0.00b 0.00 0.00
10 27.80 27.68 27.72 10 −0.00b 0.00 0.00
∞ . . . 19.28 . . . ∞ . . . 0.00 . . .

cases presented, differences between predictions are of the order
of a few decimetres at most. However at the load margin (θ = α

= 10◦), discrepancies between Vk and the other two solutions are
significantly larger (for vertical displacements, these amount to 1–2
m for times t ≥ 1 kyr). The principle difference between the two
methods is the handling of the load spectrum. Whereas Gs took the
analytical representation of Table 4, Vk and Zm transformed the
given shapes numerically into the spectral domain. The results of
Zm, which coincides much better with those of Gs, were achieved
with a very fine spatial discretization of the load (16 nmax gridpoints)
to determine the load spectrum, whereas Vk considered only a grid

of 4 nmax points. Vk could show in a further run applying the an-
alytical representation of the spectral load that the discrepancies
vanish.

4.2.2 Results for Test 2/2 (rates of geodetic quantities)

Fig. 10 shows the time derivatives of geodetic quantities (Test 2/2),
independently computed by Gs (solid lines, VNM) and Vk (dots,
SFE) using model M03-L70-V01. Quantities U̇ , V̇ and Ṅ are com-
puted at times t = 0, 1, 2, 5, 10, ∞ (i.e. 103) kyr after loading
(units are mm yr−1), using the same settings and ice models as in

C© 2011 The Authors, GJI, 185, 106–132
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2). “Normal modes” (Spectra, Love numbers... )
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Love numbers 
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Outline: 

New ideas about the computation of the Load-deformation 
coefficients for a “Generalized Maxwell Earth”:  

1) (condensed) theory,  and 

2) a few applications to the GIA problem.

Goals: 

i) Computing (and understanding) Love numbers in extreme 
rheological situations (e. g., low-viscosity layers or complex 
rheologies),  

ii) providing all WGs and the community with new, more 
accurate Love numbers (where required by data) and free 
software. 

COST ES0701 meeting                                                     Copenhagen, May 2009
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Love numbers (Love, 1909) are three non-dimensional 
numbers (h, l, k) that provide, at a given harmonic degree, 

vertical and horizontal displacement and incremental potential 
for an impulsive localized source of deformation. 

‣ Spherically symmetric Earth model

(elastic) Lithosphere

“L” mantle layers

Fluid core

Linear viscoelastic 
rheology (e. g., Maxwell)

COST ES0701 meeting                                                     Copenhagen, May 2009
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COST ES0701 meeting                                                     Copenhagen, May 2009

Love numbers at any degree* in the Laplace domain are:

Yj(r, s)

W (s) =
1∏

j=L+1

Yj(rj+1, s)Y
−1
j (rj, s)

(*) See work of B. Vermeersen and others for all the other details.

where

‣ Love numbers by Normal Modes (1/2)

(h, l, k)(s) = [PxWJ ][PbWJ ]−1−→b

propagates the solution, and is a fundamental matrix,  

that depends upon rheology upon the complex shear modulus: 

µ̃ = µ(s) =
µs

s + µ/η
(Maxwell)
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‣ Love numbers by Normal Modes (2/2)

The time-domain LNs are usually obtained by Laplace inversion 
formula: 

where Br is Bromwich path. By residues theorem we get:

where        are ROOTS of a secular equation and      the residues.si

“VISCOELASTIC NORMAL MODES”xe (xi, si)and are the

xi

x(t) = xeδ(t) +
M∑

i=1

xie
sit

x(t) = xeδ(t) +
1

2πi

∫

Br
estx̃(s)ds, t ≥ 0,
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∫

C
=

∫

γ1

+
∫

γ2

poles

Re(s)

Im(s)

poles

Re(s)

R

γ1

γ2

C = γ1 ∪ γ2

- Letting and using 
Jordan’s lemma:

R !→ ∞

- Hence:

L−1{f̃(s)} =
∑

k

rk(t)

- We observe that

Remarks on the Laplace method                        an example 

2πi
∑

k

rk(t) =
∫

Br
+ 0

The time-domain response is
multi-exponential...
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3. other transitions

2. major transition

~ GIA time-scale 

t
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(b)

PREM (L=200)
L=25

5
3
1

x ≈ xe

1. “elastic limit”:
fully uncompensated 
load

4. “fluid limit”: 
the lithosphere 

sustains  the load

x ≈ xe +
M∑

i=1

xi

si

COST ES0701 meeting                                                     Copenhagen, May 2009

‣ Heaviside Love numbers 

L
ov

e
n
um

be
r,

x
(t

)

time, t

x(t) = H(t)

[

xe +
M∑

i=1

xi

si
(1− esit)

]
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1. We have no idea of where the most significant roots may 
be located..., therefore: 

What if we miss one (or more) modes? ... or if we 
miscompute one ore more modes? 

lost or miscomputed roots

Re(s)<0

COST ES0701 meeting                                                     Copenhagen, May 2009

‣ Problems with normal modes

2. algebraic complexity increases with:
 

  i) number of layers (linearly, for Maxwell rheology),
  ii) rheological law,  

3. changing the rheological law (e. g., from Maxwell to 
Burgers) demands a new, ad hoc code...

miscomputed roots will 
contaminate the whole 
solution
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Maxwell

Hooke

KelvinBurgers

Maxwell

Linear viscoelastic rheological models

Newton

Standard Linear Solid

Kelvin-Voigt

COST ES0701 meeting                                                     Copenhagen, May 2009
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Linear viscoelastic rheological models

Newton

Standard Linear Solid
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Seismology                
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Maxwell

Hooke

KelvinBurgers

Maxwell

Linear viscoelastic rheological models

Newton

Mantle 
convection

Standard Linear Solid

Kelvin-Voigt

Seismology                
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Maxwell

Hooke

KelvinBurgers

Maxwell

PGR

Linear viscoelastic rheological models

Newton

Mantle 
convection

Standard Linear Solid

Kelvin-Voigt

Seismology                
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‣ Normal modes are sons of the “Laplace transform formula”: 

Inverse transform

Laplace transform

COST ES0701 meeting                                                     Copenhagen, May 2009

But while inverse Laplace inverse transform is unique, the 
inversion formula is not.

Other formulas exist. One of these, the POST-WIDDER 
formula, is particularly attracting. 

x̃(s) =
∫ ∞

0−
e−stx(t)dt

x(t) =
1

2πi

∫

Br
estx̃(s)ds

(*) See work of B. Vermeersen and others for all the other details.
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‣ “Real” Laplace inversion formula of Post-Widder (~1930):

http://en.wikipedia.org/wiki/Post%27s_inversion_formula

- Theorem:

- For a rigorous demonstration of this theorem: see the Kurt 
Brian paper linked to wikipedia: 

- Indeed, other “real” (but probably less useful) formulas 
exist. See the references in Spada & Boschi GJI 2006

x(t) = lim
n!→∞

(−1)n

n!

(
n

t

)n+1

x̃(n)
(

n

t

)
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Re(s) > 0Re(s) < 0

Usual method (NM)

COST ES0701 meeting                                                     Copenhagen, May 2009

(singularities: poles) (singularity-free) 

Post-Widder (PW)

‣ “Real” Laplace inversion formula of Post-Widder (~1930):

x(t) = lim
n!→∞

(−1)n

n!

(
n

t

)n+1

x̃(n)
(

n

t

)
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‣ ADVANTAGES of PW formula:

- simple looking, 

- for Love numbers applications, allows to maintain the (elegant and 
analytical) propagators formalism, 

- straightforward implementation of complex (linear) rheologies. One 
line of code for one rheology, 

- root finder is not needed: the NMs simply vanish (they can be 
retrieved e. g., by least squares, if needed). 

COST ES0701 meeting                                                     Copenhagen, May 2009

x(t) = lim
n!→∞

(−1)n

n!

(
n

t

)n+1

x̃(n)
(

n

t

)
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- it oscillates, and it has an extremely slow, logarithmic convergence (but 
it can be efficiently accelerated), 

- a multi-precision environment is necessary (to avoid catastrophic 
cancellation) - now available (and free), 

- not useful if the LT is singular on Re(s)>0 (e. g., for compressible 
models) (serious flaw), 

- Slow compared to Normal Modes,  

- Difficult benchmarks with NM solutions, especially for exotic rheologies! 
(this can be partly fixed). 

‣ DISADVANTAGES of PW formula:

COST ES0701 meeting                                                     Copenhagen, May 2009

x(t) = lim
n!→∞

(−1)n

n!

(
n

t

)n+1

x̃(n)
(

n

t

)
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‣ Applications: 

1) PW(G) vs. Normal Modes (NM), 
2) Very low (Maxwell) viscosity layers, 

3) Evidence of (numerical) failure of NM,  
4) Generalized Maxwell (GM) rheology,

5) The case of “many” layers.

COST ES0701 meeting                                                     Copenhagen, May 2009

x(t) = lim
n!→∞

(−1)n

n!

(
n

t

)n+1

x̃(n)
(

n

t

)
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Case study# 1                                                           PW vs NM
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Case study# 2: a failure of NM
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NM failure for  degree ~ 300 PW response smooth to degree ~ 500

(Possible cause: root finder module in
program TABOO)

not a proof of “exactness” of course,
but a strong indication

110 G. Spada et al.

Figure 1. Viscosity profile of models M3–L70–V01 (a three-layer viscosity profile, see Table 3) and VSS96 (a 28-layer profile from Vermeersen et al. 1996a).
VSS96 is used in Test 6/1.

numbers, having both the form





h f

l f

k f




 =






he

le

ke




 −
M∑

j=1

1
s j






h j

l j

k j




 , (2)

obtained by the zero-frequency limit (s "→ 0) of eq. (1).
The VNM method also provides the framework for the description

of the rotational response of the Earth to surface loading. In the time
domain, the linearized Liouville equations for polar motion read

i
ṁ
σr

+ m = !(t), (3)

where σ r is the Chandler wobble (Cw) angular frequency for a rigid
earth, i =

√
−1, m(t) = mx + imy = (ωx + iωy)/# is the polar

motion vector, ω is the angular velocity vector, # is the average
angular velocity and

!(t) = !L (t) + !R(t) (4)

is the total polar motion excitation function, which accounts for
rotational and a loading deformation through !R(t) and !L(t), re-
spectively (Munk & MacDonald 1975). Eq. (3) is only valid for
small displacements of the pole relative to its initial position, an ap-
proximation that is appropriate in the context of GIA. The rotational
excitation function is

!R(t) = kT (t)
ks

∗ m(t), (5)

where kT (t) is the tidal Love number of degree n = 2, ks is the
degree 2 secular tidal Love number (Munk & MacDonald 1975)
and ∗ is time convolution. Substitution of (4) into (3) using (5)
gives the Liouville equations in the form

i
ṁ(t)
σr

+
[
δ(t) − kT (t)

ks

]
∗ m(t) = !L (t), (6)

where δ(t) is Dirac’s delta. Solving eq. (6) may be tackled in two
ways. The first way is simply to neglect the term i ṁ

σr
& 1, which

is physically justified considering that the timescale of GIA (a few
thousands of years) largely exceeds the Cw period for a rigid earth
(∼10 months). In this case, the LT of (6) is
[

1 − kT (s)
ks

]
m(s) = !L (s), (7)

where !L(s) is the LT of !L(t). In the second way, the term i ṁ
σr

is
not neglected, which gives the ‘exact’ LT of Liouville equations
(

i
σr

s + 1 − kT (s)
ks

)
m(s) = !L (s), (8)

where the initial condition

m(0+) = 0 (9)

has been explicitly assumed.
Eqs (7) and (8) can be transformed into a convenient spectral

form

m(s) = M(s)!L (s), (10)

where M(s) is the PMTF. Physically, M(s) represents the dis-
placement of the instantaneous pole of rotation for a unit loading
excitation in the frequency domain. Assuming

ks ≡ kT
f , (11)

the PMTF can be expanded as

M(s) = Ae + As

s
+

M ′∑

j=1

A j

s − a j
, (12)

where the aj, which are roots of a degree M ′ polynomial dispersion
equation, represent the (complex) rotational counterparts of the
isostatic frequencies sj in eq. (1). Terms Ae (elastic), As (secular)
and Aj are (complex) rotational residues. Their amplitude and the
value of M ′ in eq. (12) depend on the way the Cw is accounted for.
In particular

Ae *= 0 and M ′ = M − 1, (Cw neglected) , (13)

whereas

Ae = 0 and M ′ = M, (Cw not neglected) . (14)

We note that assumption (11) implies that the Earth is rotating in a
state of hydrostatic equilibrium before loading. This corresponds to
the usual assumption in GIA modelling where any non-hydrostatic
effect from mantle convection on the shape of the rotating Earth
is normally ignored, as discussed by Mitrovica et al. (2005). Fur-
thermore, since in our GIA modelling we employ a perfectly elastic
lithosphere, eq. (11) is not adequate for modelling of long-term

C© 2011 The Authors, GJI, 185, 106–132
Geophysical Journal International C© 2011 RAS
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Case study# 2                       Very low (Maxwell) viscosity layers

Very Low VZ

‘normal lower mantle’

Viscosity model features:

- 28- layers, adapted from VSS (1996),
- 7 orders of magnitude across the mantle,

- elastic lithosphere, inviscid core, 
- Tiny layers (~ 1 km),

- (my) normal model code fails here.
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Case study# 2                       Very low (Maxwell) viscosity layers
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Case study# 3          failure of NM - see Spada & Boschi GJI 2006

PW
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“Horizontal” Love number degree = 2
28-layers mantle model 
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Case study# 4                      Generalized Maxwell (GM) rheology

Effective shear modulus 

µk = µ0/k
2 ηk = η0/k

2E.g., for and the series

converge:

µ̃ =
∞∑

k=1

µks

s + µk/ηk

2µ̃∞ = µ0

[
(π
√

sτ) coth(π
√

sτ)− 1
]
, τ = η0/µ0.

see Spada, Comput. Geosci. 2008
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Case study# 4                    an extremely complex rheology (MW)

time, t (kyrs)

L
ov

e
n
um

be
r,

h
(t

)

degree = 2

107Friday, November 11, 2011



 1
e
+

2
0

 1
e
+

2
1

 1
e
+

2
2

 1
e
+

2
3

 3480  4000  4500  5000  5500  6000  6251

V
is

c
o
s
it
y
 (

P
a
.s

)

r(km)

VISCOSITY PROFILES

(c)

PREM (L=200)
L=100

50
25

5
3
1

L=28

 0
.5

 1
 1

.5
 2

 2
.5

 3

 3480  4000  4500  5000  5500  6000  6251

R
ig

id
it
y
 (

x
1
0
^1

1
 P

a
)

r(km)

RIGIDITY PROFILES

(b)

PREM (L=200)
L=100

50
25

5
3
1

 3
0
0
0

 3
5
0
0

 4
0
0
0

 4
5
0
0

 5
0
0
0

 5
5
0
0

 6
0
0
0

 3480  4000  4500  5000  5500  6000  6251

D
e
n
s
it
y
 (

k
g
/m

^3
)

r(km)

DENSITY PROFILES

(a)

PREM (L=200)
L=100

50
25

5
3
1µ(r) ρ(r)

η(r)
“Convex viscosity profile with a 

Low Viscosity Zone”

η(r)

η0

=

[

1 +

(

η1 − η0

η0

)(

r − rc

rl − rc

)(

r − rm

rl − rm

)2]

r = rc

r
=

r
m

η = η0

r = rl

LVZConvex viscosity

Case study# 5                        The case of “many” layers (L=200)
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‣ “Exhumation” of the PW formula:

• PW: Theory and a source-free code:

Spada, G., Boschi, L.  2006. Using the Post-Widder formula to compute the Earth's 
viscoelastic Love numbers, Geophys. J. Int., 166 (1), 309-321. 

Spada, G., 2008. ALMA, a Fortran program for computing the visco-elastic Love numbers of 
a spherically symmetric planet, Comput. and Geosci., 34 (6), 667-687. 

• NM: Theory and a source-free code:

http://www.samizdat.mines.edu/spada

COST ES0701 meeting                                                     Copenhagen, May 2009

Possible applications: 

✓Post-glacial deformations (surface loads), 
✓Glacio-isostatic adjustment and sea level problem, 
✓Post-seismic deformations & stress diffusion,
✓Poloidal/Toroidal deformations, 
✓Earth rotational variations (PM, LOD)
✓Mantle dynamics (internal loads)... 
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