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Abstract. The apparent body wave velocities v» of the oceanic mantle immediately below
the Mohorovicic discontinuity (M), obtained from oceanic refraction shooting, can depend
on azimuth ¢ because of real mantle anisotropy or horizontal variations in an isotropic crust
and mantle. A small anisotropy of the uppermost mantle leads to

4 2
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The A. determine 5 of the 21 elastic parameters of the uppermost mantle. Curvature in the
M discontinuity has the same effect on vr(¢), but the azimuth dependence found by Hess in
Raitt’s and Shor’s velocities, if real, is too large to be due to curvature. A sloping M discon-
tinuity adds to ve(¢) a term a cos ¢ + b sin ¢. In a refraction survey of anisotropy, only
two lines need be reversed to find ¢ and b. If the ¢ dependence of vr is due to a small mantle
anisotropy and a small slope of the M discontinuity, ve(¢) is determined for all ¢ by shoot-
ing five different lines through a point and reversing two of them or simply by shooting seven
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different lines. The theory is compared with Raitt’s and Shor’s data as reported by Hess.

1. Introduction. Hess [1964] has recently
called attention to the possibility that anisot-
ropy in the oceanic upper mantle is detectable
in the seismic refraction work of Raitt [1963]
near the Mendoeino fracture zone and of Shor
[1964] near Maui. The observation is that the
speed of the P headwave just below the Moho-
rovicic discontinuity (M) appears to depend on
the azimuth of the line joining shot point and
receiver.

It is my purpose in the present note to in-
dicate how an arbitrary small anisotropy in the
upper mantle will affect the azimuth depend-
ence of the measured speeds of P and S head-
waves just below the M discontinuity. I hope
this information may be useful in the design of
experiments to study possible horizontal anisot-
ropy in more detail.

2. Formulation of the problem. In prinei-
ple, refraction shooting can give the azimuth
dependence of the P and 8 wave velocities just
below the M discontinuity. In practice, usually
only the P wave velocity is measurable (Raitt,
private communication, 1964), but it is of some
interest to see what could be learned from the
S wave velocities if they were available.

What is obtained by the analysis of travel-

time curves in refraction shooting is the magni-
tude of the group velocity of the P or S body
wave in the upper mantle just below the M dis-
continuity when the direction of that group ve-
locity is along the line joining shot point and
receiver (both shot point and receiver are as-
sumed to be very near the surface of the ocean).
Thus refraction shooting on several azimuths
shows how the magnitude of the P or S wave
group velocity depends on the direction of that
group velocity, when the direction lies in the
horizontal plane (more precisely, the plane of
the M discontinuity).

The mathematical problem is therefore to de-
termine how P and S wave group velocities vary
in magnitude as their directions vary in a pre-
seribed plane. In a general anisotropic medium
thig problem involves considerable computation.
When, as in the present case, the medium is
nearly isotropic, the problem is much simplified.

The first simplification is that, to first order
in the anisotropy, the azimuth dependences of
group and phase velocities are the same., To
see this, consider a wave whose dispersion rela-
tion is

o = ke[l + f(v)]
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where w is angular frequency, ¢, is a constant,
k is the wave propagation vector, & is the magni-
tude of k, and v = k/k. It will be assumed that
f < 1. The Cartesian components G; of the
group velocity are (under the Einstein summa-
tion convention)

O = 22 = ey (14 D) + ok o- 95 ()

Then, correct to first order in §,

2N g of v }
G(v)_G'G'_COI:1+2f+2k6v,8k,yl

But »,(dv;/0k;) = 0, so, to first order in f§,

G = c’[l + 2f] = &(¥) @)

where ¢(v) is the phase velocity of waves whose
propagation vector has the direction v.

If v/ is a unit vector in the direction of the
group velocity of waves whose propagation
vector has direction v, then v/ — v is of first
order in the small quantity f (see equation 1).
Therefore, correct to first order in f, equation 2
implies that @(+') = G(v). In refraction shooting
the phase velocity of the wave whose propaga-
tion vector points from the shot point to the
receiver is measured, correct to first order in f,

The above remarks show that, correct to first
order in the anisotropy, in refraction shooting
phase velocity is measured as a function of
direction of the propagation vector. It is my
purpose in this paper to deduce the form of
this funetion in the most general slightly aniso-
tropie, perfectly elastic medium.

Some techniques for recognizing the arrival of
the signal propagated along a particular type of
ray path at various receivers involve matching
the arriving wave forms. The simplicity of these
techniques depends on the absence of dispersion
in the body waves propagated by the various
layers. A perfectly elastic anisotropic medium is
nondispersive in the sense that all P waves (or
8 waves of type 1 or type 2) propagating in a
given direction have the same phase velocity.
However, the phase velocity’s dependence on
direction makes the medium dispersive for all
but plane wave fronts. Since explosions do not
generate plane wave fronts, it can be anticipated
that if the mantle were very anisotropic the
signal-matching technique might require pre-
filtering of the signals to remove dispersive
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distortion. The calculation leading to (2) shows
that if the anisotropy is small this prefiltering is
unnecessary, in the sense that omitting it leads
to errors in the picking of arrival times which
are of second order or smaller in the anisotropy.

3. Perturbation-theoretic statement of the prob-
lem. Let z), s z; be Cartesian coordinates in
the upper mantle just below the M discon-
tinuity, introduce Cartesian coordinates, with
the z, axis pointing north, the z., axis pointing
east, and the z; axis pointing downward. Approxi-
mate the given region of the upper mantle as a
homogeneous, anisotropie, perfectly elastic me-
dium of density p. Let s be the displacement
vector of a body wave in the medium; the
angular frequency of the wave is w, and its
propagation vector is k, while v = k/k is a
unit vector in the direction of k. The strain

tensor is
¢ 1{ds, , Os;
Y2 (8:1:,- + ax.-)

and the stress tensor is 7';;. The stress-strain
relation is

T., = pliju0n (3)

where p@';;1, is the elastic tensor. Since I';z;;, =
Tiire = i = Thayj, this tensor has at most 21
independent components.

The equations of motion are pd?%.;/df2 =
aT;;/0z;. For the body wave in question, these
equations simplify to w?s; = k&l 8. Let
¢ = w/k be the phase velocity of the body wave.
Then

(I‘iileJ'Vk)sl = 023.' (4)

Equation 4 constitutes an eigenvalue problem.
Let

B,;, = T v (5)
B=¢ (6)

Then equation 4 is
B;;s; = Bs; (7

The three eigenvalues B of the symmetric 3 X 3
matrix B;; are the squared phase velocities of
the three different body waves whose wave
vector has the direction v. The three corre-
sponding eigenvectors, §;W), s;®, and s;® give
the polarizations of these three body waves.

In the special case of a nearly isotropie medium,
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I'iw = I‘iiklw) + viu (8)

where
Puklw) = (CPZ - 2052)5”51:1
+ 052(5.%5,'1 + 5,16”:) (9)

and vy <K cg? That is, I’ is the sum of an
isotropic tensor I';;z;® and a much smaller
tensor expressing the anisotropy of the medium.
The isotropic tensor I';;;;® describes an iso-
tropic medium with P wave phase velocity cp
and S wave phase velocity cs. For the isotropic
medium,

B = (ep° — ¢5) b + csvn (10)
and in the slightly anisotropic medium
B, = B, + b,
where
bt = VibiVi (11)

If b;; = 0, the solutions of (7) are well known.
There is a nondegenerate eigenvalue B = cp?,
with unit eigenvector s,» = »,;, and there is a
degenerate eigenvalue B = c¢g2 whose two-
dimensional space of eigenvectors consists of all
vectors s; that are perpendicular to v.

When b;; 5% 0, the solution of (7) can be
written in the form

B=B®+BY +B” 4+ ... (12
si =5+ 8P+ + (13)

where B® and s;©® are a solution of (7) with
b;; = 0 and B®™ and s;™ are of nth order in b;;.
If B® is nondegenerate, and s;® is chosen to
be a unit vector,

1 0
B() — b”s’( )sl(O)

(14)

If B® is degenerate with a two-dimensional
eigenspace and s;¢¥) and s;¢V) are two mutually
orthogonal unit vectors satisfying B, ®s® =
B®s;®, then in the expansion (13), s, =
as; (SE) 4 Bs,5V) and

(SH) (Sd) (SH) (SV)
|:Si bis 8; biisy :H:;:I
(8V) (SH) (8V) (€8]
8, bilsl S, b”S|

_ Bu 5
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4. Solution for P waves. From the foregoing
remarks it follows that the P wave in the iso-
tropic medium has in the anisotropic medium
the velocity

vp? = cp?+ BW

plus terms of second order in vy, (16)
where, since s;? = ;,
BY = YikiVV ViV (17)

Let ¢ be azimuth, measured east of north in the
coordinate system introduced at the beginning
of section 3. Then for the P headwaves excited
in refraction shooting

(Vly Va, V3) = (COS¢, Sin¢) O)

and, correct to first order in v,
Q) = ”P2(¢) — ¢p” = Yim cos' ¢
+ 4v4115 cos’ ¢ sin ¢
4 (2¥1122 + 471219) cos’ ¢ sin’ ¢
+ 471225 cos ¢ sin’ ¢ + Yoo sin® ¢ (19)

That is, the deviation Q(¢) = vp*(¢) — cp2is a
homogeneous trigonometric polynomial of degree
4 in ¢. The higher-order terms of (12) and (13)
will contribute to (19) frigonometric polynomials
of degree larger than 4. These correction terms
are of the order of magnitude ;44 vsjr:/cs? and
are small when the anisotropy is small (ie.,
Vi <K cg?).

It is easy to verify that a homogeneous
trigonometric polynomial of degree =,

(18)

9@) = 2 Ancos"¢psin" "¢ (20)
m=0
has the following properties:

(1) The coefficients A,, --- , A, are uniquely
determined by the values of ¢(¢) at any n + 1
angles ¢ satisfying 0 < ¢p < ¢y < +++ <@, < 7.

(2) The Fourier series for g(¢) is

[n/2]

o@®) = 2 [Bn cos(n — 2m)é

+ C,sin (n — 2m)¢]

where [n/2] is the largest integral m which
permits n — 2m to be non-negative.

Property (2) is established by induction and
property (1) follows from
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9(@) = cos” ¢ Z An(tan ¢)™

That is, sec® ¢gq(¢) is a polynomial of degree n
in tan ¢, and is determined by its values at any
n + 1 different values of tan ¢.

For (19), the Fourier series is

Q) = A+ C cos 2¢ + Dsin 2¢

+ E cos 4¢ + F sin 4¢ (21)

where

84 = 3y + 2viiee + 41012 1 372002
2C = Y1111 — Yaeos

D = yi12 + Y1222 (22)

8F = v — 2Y1122 — Y1212 + Y2222
2F = vija — Yizes

The conclusion is that in refraction shooting
over g slightly anisotropic mantle the Fourier
expansion of the square of the M discontinuity
P wave velocity vp as a function of azimuth ¢
contains only five terms: 1, cos 2¢, sin 2¢, cos 4¢
and sin 4¢. A different dependence on ¢, if not
large, has some cause other than anisotropy.
Furthermore, the anisotropy in ve is not deter-
mined unless at least five noncollinear azimuths
are shot, and any five are sufficient to determine
this anisotropy completely. Finally, the anigot-
ropy in vp depends only on the elastic constants
Y1111y, Y2202, Yi2e2, Yi1ig, and Y1122 + 271212; the
anisotropy in vp determines these five constants
uniquely.

5. Solution for S waves. For the S headwaves
in refraction shooting, if »; are given by (18),
then

SH
6‘;( )

(23)

€. being the three-dimensional alternating ten-
sor, and

= T€nmiVn

.97 = 5, (24)

Moreover,

€m3€inVmbn = 0,1 — 0,303 — vy

(25)

If vg is the velocity of the S headwaves, vg2 —
cs? = B®W has two possible values, the two
eigenvalues of the 2 X 2 matrix on the left of
(15). Let BiW{(¢) and B,®{(¢) be those two
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eigenvalues. Then T(¢) = B, 4 B,W is the
trace of that matrix, and A(¢) = Bi®B,® is
the determinant of the matrix. Thus

T(¢) = YarV Ve = YoVl Vil (26)

and
A(¢') = (71ik3‘ylrs3 — YisklY3rs3 + YmikoV3rs3Os1

= Ymi1k3Y¥mrs3 6:1)V:V1VleVrVa (27)

Let vg:(¢p) and vg:(¢) be the two observed S
wave velocities for body waves with horizontal
propagation vectors. Then from (16), (17), (18),
(19), and (26), vs:*(@) + vs2X(9) + va¥d) —

cp? — 2052 is
T(d)) + Q(¢) = Yk Ve

= Y 0052¢ + 2v.12. cos @

-sin ¢ + ¥z sin’ ¢ (28)
and [vg:%(¢) — cs?[vs*(P) — cs? is
a
Alg) = Z B,, cos” ¢ sin® " ¢ (29)

m=0

where the B, are sums of products of pairs of
the v.;u-

It follows that T(¢) + Q(¢) is a homogeneous
trigonometric polynomial of second degree in the
azimuth ¢ and that A(¢) is a homogeneous
trigonometric polynomial of degree 6 in ¢.
Therefore T(¢) + Q(¢) is completely determined
for all ¢ by shooting on any three noncollinear
azimuths, whereas determing A(¢) requires seven
noncollinear azimuths. If T(¢) and A(g) are
known, the two S wave velocities vg; and vg» in
the horizontal direction ¢ can be determined,
since vgi? — cg? and vgy? — cg? are the two roots
X of the equation

N—TA+A=0 (30)

If T(@) + Q(¢) is known, three more elastic
constants besides those appearing in (22) are
determined, namely vyuir + “Yeuz +  Yam,
Y1121 + Y2122 + Yaie3, and Y1221 + Y2022 + Yazez.
Therefore, if vp? vs:?% and vgs? can be measured,
the following eight elastic constants are deter-
mined: Y1111, Yitiz, Yizee, Y2222, Y1122 + 2‘Y:2u,
Yis23, Y1313 '+‘ Y1212, and Yi212 + Y 2323- In addi-
tion, seven more quadratic expressions in %
are determined, namely the seven Fourier coeffi-
cients of the sixth-order trigonometric polyno-
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Fig. 1. Uppermost mantle velocity versus azimuth for refraction lines near the Mendocino
fracture zone and Maui. Data from Raitt and Shor.

mial (29). Therefore, measuring vp?, vg:% and
vg2?2 on seven noncollinear azimuths will give all
the information about mantle anisotropy that
is obtainable from measurements of the travel
times of headwaves just below the M disconti-
nuity. This information consists of 15 relations
among the 21 elastic coefficients. It was not
expected that from travel times in surface
refraction shooting all the anisotropic elastic
coefficients could be completely determined; it
is perhaps surprising that travel times in a single
plane determine as many as 15 relations among
the 21 elastic parameters.

6. Comparison with observation. In Figure 1
are plotted Raitt’s data for vp(¢) from the
Mendocino fracture zone and Shor’s data from
near Maui. The shot locations are individually
mapped by Hess [1964]. Curves of form 21 which
fit Raitt’s data, Shor’s data, and both sets of
data regarded as a single population are also
drawn in Figure 1. The curves are fitted to the
data by least squares. The equations of the
curves are as follows, in km? sec—2. Mendocino:
vp(gp) = 67.722 + 2.336 sin 2¢ — 3.806 cos
2¢ — 2.163 sin 4¢ + 0.492 cos 4¢; Maui: vp3(¢) =
67.90 + 1.698 sin 2¢ — 4.786 cos 2¢ — 0.876
sin 4¢ + 3.130 cos 4¢; Mendocino and Maui
together: vp2(¢) = 67.663 + 2.100 sin 2¢ — 3.796
cos 2¢ — 1.677 sin 4¢ + 1.205 cos 4¢.

The elastic parameters corresponding to these
three curves are given in Table 1. In the compu-

tations it has been assumed that cp? 67.75
km? sec.

The Maui elastic parameters should not be
given much credence, since only seven data
points were available to determine five param-
eters. From Figure 1 it is clear that the data are
consistent with the hypothesis of mantle ani-
sotropy; the fit is as good as the internal con-
sistency of the data. From Table 1 it is clear
that the data available at the present time do
not warrant the conclusion that the anisotropy
is the same at Maui and Mendocino. In fact, a
large part of the scatter in Figure 1 may be the
result of geographical variations in the ani-
sotropy.

7. Effects of slight deviations from horizontal
stratification. In the foregoing discussion it has
been presupposed that the variations, if any, in

TABLE 1. Elastic Parameters of Uppermost
Mantle Computed from Anisotropies in
Refraction Shooting

Mendocino Maui Combined
Elastic Value, Value, Value,
Parameter km?sec? km?sec? km?sec?
Yun —3 344 —1 506 —2.681
Y2222 4.268 8.066 4.911
vz + 271z —1.506 —9.540 —3.705
Yz —0.995 —0.027 —0 627
Y1222 3.331 1.725 2.727




3434

density and elastic parameters above the M
discontinuity depend only on z; and that the
M discontinuity is parallel to the z; — z: plane.
We will now consider whether the apparent
anisotropy noticed by Hess in Raitt’s and Shor’s
travel times can be the result of a small tilt or
warping of the M discontinuity or the overlying
structure rather than of a real anisotropy in the
material of the uppermost mantle.

It is possible, and perhaps likely, that there
are horizontal variations in the crust with length
scales considerably smaller than the length L of
the longest line shot in Raitt’s and Shor’s sur-
veys (L was about 100 km); but it is difficult to
see how such small-scale variations could produce
a systematic apparent anisotropy. A likelier
source of systematic apparent anisotropy would
be horizontal variations with length scales of
the order of or greater than L. For the purposes
of the present discussion suppose that within
any horizontal circle of radius L the M dis-
continuity can be well approximated by an
equation of the form

2
z3 = D+ mz + noze + %Kllxl

2
+ K120 + %Knxz

(31)

where D, 7;, x;; are constants, and 71, 92, xu1 L,
k12 L, and k22 L are all much less than 1. Suppose
also that the crust and mantle are isotropic and
that the real P wave velocity c¢p depends
slightly on 2 and z., so that in any horizontal
circle of radius L, to a good approximation,

CP_l(xls T2,y 3?3) = co_l(x;;)
+ a1($3)$1 + az(ﬁs)xz + %611(%.)5512

+ ﬁw(xs)xﬂz + %522(3’33)3322 (32)

Suppose that points P, @i, @, -+ , @, on
the surface of the ocean are collinear and that
P does not lie between any of the @’s. Then the
directed straight-line segment from P to the
most distant @ is a ‘shot line’ with ‘anchor
point’ P. The azimuth ¢ of the shot line will be
measured positive east of north. The apparent
velocity vy4(¢) of a headwave tfraveling on
azimuth ¢ in the mantle just below the M dis-
confinuity is measured by measuring the travel
times (from P to the various §’s) of the signal
whose ray descends from P directly to the M
discontinuity, travels as the required headwave
just below the M discontinuity, and ascends
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directly from the M discontinuity to one of the
@’s. As the point @ is displaced along the shot
line with anchor point P and azimuth ¢, the
travel time T and the horizontal distance S
between P and @ both vary. The apparent
velocity vy4 () is measured as

vua($) = d8/dT (33)

If the deviations from horizontal stratification
described by (31) and (32) are small, first-order
perturbation theory is adequate for calculating
124 (¢). The details of the calculations are given
in the appendix.

Consider first the effect of a sloping, warped
M discontinuity, as described by (31). Anisotropy
and horizontal variations in velocities, as well as
tilt and curvature of crustal bedding planes and
the ocean bottom, are, for the moment, neglected.
It is shown in the appendix that in this case, to
first order in 7y, 92, k11 L, k12 L, and e L,

vua(@vae”” = 1 — cot 7(m cos ¢ + n, sin ¢)
— (R + p) cot 7(k;; cos’ ¢
+ 25 cos ¢ sin ¢ + ko, sin® @) (39

where v, is the P wave velocity in the mantle
just below the M discontinuity, = is the eritical
angle of refraction at the M discontinuity, and
R 4 p is the horizontal distance from the
anchor point of the shot line to the point on the
M discontinuity where the ray is refracted back
into the crust (point N’ in Figure 2).

The anisotropy produced by the slope of the
M discontinuity, 7. and 7., has a different
azimuth dependence from that produced by a
real anisotropy and cannot explain the regularity
Hess finds in Raitt’s and Shor’s data. The
anisotropy produced by a curvature of the M dis-

e—p R

\

le— >
-
3

~
)
-

Fig. 2. The path used to calculate travel time
from P to @ when the only deviation from hori-
zontal stratification is a sloping, curved M dis-
continuity. A layered crust is shown.
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continuity, i1, k12, and ., has a Fourier series
consisting of a constant plus the term

(x/2)(R + p) cot T cos (2¢ + o)

where ¥k = [(kin — Ko2)? + 4k and ¥ is a
constant. This term has the ¢ dependence
observed in Raitt’s and Shor’s data. Yet there
are two objections to the hypothesis that M dis-
continuity curvature produces the observed
anisotropy. First, curvature makes vy.(¢p) de-
pendent on the length of the shot line to the
same extent that it is dependent on azimuth,
at least for lines long in comparison with the
depth of the M discontinuity. Second, even if
the shot lines are so short that this effect is
below noise level in the data, the observed
anisotropy in Raitt’s and Shor’s data requires
k(B 4+ p) cot 7 = 8 X 102 km~. With cot
7= 14 and B + p = 100 km (an upper limit
on the length of Raitt’s shot lines), x is 5.7 )X 10—4
km™1, The area surveyed in Raitt’s measure-
ments is roughly a rectangle 1600 km from east
to west and 1000 km from north to south.
(Shor’s surveyed area was smaller.) If x were as
large as 5.7 X 10~ km™, the depth to the
M discontinuity would vary by 70 km in the
surveyed area. This variation is not observed.
An alternative explanation for such a highly
curved M discontinuity might be that the
curvatures were large but changed sign from
place to place in the surveyed area. Mason’s
[1958] magnetic maps make a corrugated M dis-
continuity not completely inconceivable. Yet,
except for three anomalously low velocities in a
disturbed area near the coast just north of the
Mendocino escarpment, which Raitt and Hess
agree probably belong to a different geographical
province from the other measurements, Raitt
and Shor found every east-west mantle velocity
larger than any north-south mantle velocity.
The sign of the anisotropy is determined by the
difference between the east-west and north-south
curvatures, and it seems improbable that all of
Raitt’s and Shor’s measurements were made
where that sign happened to be negative.

Now consider the effect of deviation from hori-
zontal stratification in the crust and mantle as
described by (32), the M discontinuity being a
plane parallel to the z;-z: plane. Equation 32
applies to horizontal variations in velocities, as
well as to tilts and curvatures of the ocean bot-
tom and any crustal bedding planes other than
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the M discontinuity. Such tilts and curvatures
appear as Dirac delta functions of small ampli-
tude and variable depth in the functions a;(zs)
and B;;(xs). It is shown in the appendix that, if
the crust and mantle are isotropie, the M dis-
continuity is the horizontal plane z; = D, and
the horizontal variations in erust and mantle are
given by (32), then to first order in the small
quantities

v L{la,]y = vy LD 7 o, (z5)| das
sy = 0207 [ o o
v L*(|B:;]) = v L’D7" i 18.:(xs)| das

The apparent mantle velocity obtained from
travel-time curves is given by

vualdvy F =1 — A, coso
— A,sin¢ — By, 0052(15
— 2B, cos ¢ sin ¢ — Ba, sin’ ¢ (36)

The coefficients in (36) are defined as follows:
if B + p has the same meaning as in (34), I is
arc length along the ray, and s(l) is the horizontal
distance from the point N’ in Figure 2 to the
point of integration, then

A; = vy(R + p)a,(D)

Q
+ v f a;(zs) dl

N

(37)

and

B;; = %UM(R + P)ZB-':'(D)

o [ BueB+ o+ o0 al (39

the integrals being taken along the ray from N’
to @, and «;(D) and B;;(D) referring to the
uppermost mantle just below the M disconti-
uwuity. The first term on the right in (37) and
(38) represents the effect of a possible horizontal
variation of velocity in the mantle just below
the M discontinuity. Among short lines with a
given anchor point P and different azimuths,
the mantle headwaves travel through different
parts of the uppermost mantle with different
mean velocities. The second terms in (37) and
(38) give the effects of horizontal variations in
the ocean and crust.

Horizontal variations of velocity in the mantle
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can be dismissed as the cause of the apparent
anisotropy in Raitt’s and Shor’s data. Those
data would require variations of 49, in 100 km.
If this variation were uniform over Raitt’s
surveyed rectangle, it would amount to at least
409, across the rectangle. If the wvariation
changed sign from place to place, it would have
to be assumed that all of Raitt’s and Shor’s
measurements happened to be made where the
variation was of the same sign.

The first terms in (37) and (38), representing
horizontal variations of velocity in the mantle,
will be neglected. The A; produce a ¢ dependence
other than that observed, and they will also be
neglected. It remains to consider the second term
on the right in (38). When A, = A, = 0, the
Fourier expansion of the right-hand side of (36)
is a constant plus B cos (2¢ + ), where ¥, is
a constant and B = [(Biy — Bas)? + 4Bt
If the observed anisotropy is to be explained by
(36), B must be 0.04. The amplitude of the
relative variation in mean velocity in the crust
over a rectangle whose smaller side is Y is at
least Y® B[16l(R -+ p)]~%, which in the present
case amounts to 2509, and is quite inadmissible.

In conclusion, the apparent anisotropy found
by Hess in Raitt’s and Shor's data cannot be
explained by horizontal variations in an isotropic
crust and mantle unless it is postulated that by
chance all of Raitt’s and Shor’s shot lines
happened to be located on independent local
features, no larger than a shot line in diameter,
each of which gave a larger east-west than
north-south apparent mantle velocity. For ex-
ample, if the M discontinuity were corrugated
with north-south ridges and valleys, it would be
necessary to assume that all the shot lines lay
above valleys and none lay above ridges.

8. Conclusions. If a homogeneous perfectly
elastic medium is nearly an isotropic medium
with a P wave velocity cp and an S wave velocity
¢g, and if errors of second order in the small
anisotropy are neglected, the travel time of a
body wave along a straight path is the path
length divided by the phase velocity of that
wave when its propagation vector points along
the path.

If UP(¢)7 v51(¢)7 and 1)sz(¢) are the phase
velocities of the P wave and the two S waves
whose propagation vector lies in the z, — z, plane
and makes an angle ¢ with the z, axis, and if

Q@) = vp’(¢) — ¢’ (39)
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T($) = vsi'(®) + vs2°(0) — 24’ (40)
A(¢) = (U.S12(¢) - Csz)(”mz((ﬁ) - Csz) (41)

then T(¢) + Q(¢) is a homogeneous trigono-
metric polynomial in ¢ of second degree, Q(¢)
is a homogeneous trigonometric polynomial of
fourth degree, and A(¢) is a homogeneous
trigonometric polynomial of sixth degree.

In principle, @(¢), T($), and A(p) can be
measured for the horizontal plane in the upper
mantle just below the M discontinuity by
refraction with shot point and receiver near the
surface of the ocean. If the crust and upper
mantle are horizontally uniform, the values of
Q(#) and vp(¢p) are determined for all ¢ by
measurements for five ¢ representing noncollinear
shot lines, since Q(¢) has the form of (19).
Measurement of vs:(¢) and vs:(¢) for three non-
collinear shot lines determines T'(¢p) -+ Q(¢) for
all ¢, on account of (28). And measurement of
vs1(¢) and vg:(¢) for seven noncollinear shot
lines determines A(¢) for all ¢, on account of
(29). Then measurement of vg:(¢) and vg:(¢) for
seven noncollinear shot lines determines those
velocities for all ¢, since they are the two roots
X of (30).

The dependence of Q(¢) on azimuth deter-
mines 5 of the 21 elastic coefficients of the
upper mantle just below the M discontinuity.
The dependence of T(¢) + Q(¢) on ¢ determines
3 more, and the dependence of A(¢) on ¢ gives
7 quadratic relations among the elastic coeffi-
cients.

If the M discontinuity is plane but gently
sloping, or if the crust varies horizontally in
such a way that the variation is small and linear
over the length of a shot line, the values of
Q@), T($) + Q(¢), and A(¢) measured by
refraction shooting will differ from expressions
(19), (28), and (29) by terms of the form a
cos ¢ + b sin ¢. The additional Fourier coeffi-
cients in these terms can be determined by
shooting two more lines (which may be reversals
of lines already shot).

Curvature in the M discontinuity would
produce an apparent anisotropy in vp(¢) which
has the same angular dependence as a real
material anisotropy. However, the curvature
required to produce an anisotropy of the magni-
tude which Hess finds in Raitt’s and Shor’s data
is approximately 5.7 X 10~4 km™ (in excess of
the earth’s surface curvature). Such a large
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curvature, if uniform over the area surveyed by
Raitt, would entail a variation of 70 km in the
depth to the M discontinuity within the sur-
veyed area. The alternative, that the M dis-
continuity is corrugated, with a curvature large
but of variable sign, is an explanation of the
anisotropy in Raitt’s data if all of Raitt’s fourteen
shot lines happened to lie on corrugations with
negative curvature. On the basis of the presently
available data, it appears unlikely that the
anisotropy observed in Raitt’s and Shor’s data
can be due to curvature in the M discontinuity.
Essentially the same arguments also exclude the
possibility that the observed anisotropy might
be due to quadratic horizontal variations of
velocity in the crust or mantle or in the variations
of ocean depth, even though such variations
would produce the observed azimuth dependence
of apparent mantle velocity.

It would be very interesting to measure
Uy4(¢) on ten or more noncollinear azimuths at
a single station (probably reversing the profiles),
to see if a better fit to the theoretical curve (19)
could be obtained.

From the refraction data now available not
much can be said about the cause of the ani-
sotropy, if it exists. Hess [1964] has suggested
that it is produced by alignment of olivine
crystals. Alternatively, it might result from a
static stress pattern now present in an isotropic
material. To verify whether such a hypothesis
could explain the magnitude of the anisotropies
observed, even permitting the deviator of the
stress tensor to be as large as the yield stress,
would require theoretical or experimental infor-
mation about the quadratic terms in the upper
mantle’s stress-strain relation.

APPENDIX

To calculate vy, (¢) when the M discontinuity
has the configuration of (31) but there are no
other horizontal variations in the crust and
mantle, construct a vertical plane p* containing
the shot line with anchor point P and azimuth ¢.
The ray r* whose travel time from P to Q is
stationary subject to the constraint that it lie
in p* is not the true ray joining P and Q. Its
location and direction differ from those of the
true ray by amounts of the order of the small
quantities %; and k;;L. But the true ray is a
path of stationary time, so that the travel time
on r* differs from that on the true ray by a
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quantity of second order in n; and «,;L. This
second-order error will be neglected so that the
travel time on the true ray can be equated to
the travel time on r*. Now if ¢* the curve of
intersection of p* and the M discontinuity is
concave downward, there will be many rays in
p* joining P and @ which have stationary travel
time (subject to the constraint that they lie in
p*). One of these rays will arrive at ¢* at the
critical angle of refraction and will travel along
c*; the others will arrive at ¢* with angles of
refraction slightly less than critical, will enter
the mantle as straight lines, will perhaps be
totally reflected several times from the M dis-
continuity, and finally will leave the mantle
with angles of refraction slightly less than
critical. Fortunately, the question of which of
these infinitely many rays should be called r*
and used to compute vy,(¢) need not be dis-
cussed; correct to first order in 9; and «,;L, all
rays in question have the same travel time.
To prove this, consider Figure 3. All the infinitely
many rays in question lie between the ray
PNN'Q and the ray PFF'Q. Stratification in the
crust, being irrelevant, is not shown. Construct
F@ perpendicular to PN, and NM perpendicular
to FF'. Let 7 be the critical angle of refraction
at the M discontinuity, and v; the P wave
velocity just above the discontinuity, so that sin
7 = v¢/vy. The length (FN) is of first order in 5,
and k;;L, since if #, = 0 and «;; = 0, then
(FN) = 0. Therefore, correct to first order in
these small quantities, (GN) = (FN) sin 7 and
(FM) = (FN). Thus (GN)v,t = (FM)vy,™.
Also, correct to first order, (PF) = (PG),
(QF) = (Q@"), and (G'N") v = (F'M" vy
Finally, to first order the arc NN’ has the same
length as the straight line segment MM’. Thus
the travel times on PNN’'Q and PFF'Q agrce
to first order. The same argument applies to

P Q

Fig. 3. Two of the infinity of paths joining P
and @ for which the travel time is stationary, sub-
ject to the constraint that the paths lie in the
(vertical) plane of the figure. Inhomogeneity of
the crust is not shown.
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the intermediate rays not shown in Figure 3.
Therefore we can calculate vy,(¢) from the ray
PNN'Q, which ray will be taken to be r*.

To summarize, v,4(¢) can always be calcu-
lated correctly to first order in 5; and x;L by
assuming that the signal has traveled in the
plane p*, obeying Snell’s law as it descends from
P to the M discontinuity, traveling along the
intersection of p* and the M discontinuity, and
obeying Snell’s law again as it rises from the
M discontinuity to Q.

To calculate vy 4 (@), draw vertical lines through
N and N’ (see Figure 2). As the point @ moves
to the right, the horizontal distance R between
these lines changes by an amount 8RB, and the
angle 7 between QN’ and the vertical changes
by an amount &7’, while the depth of N’ below
the surface PQ increases by ér:. We regard R
rather than 8 as the independent variable.
Suppose the crust and ocean can be divided into
n - 1 homogeneous layers (the argument is the
same for a continuously varying crust, but sums
are replaced by integrals), the thickness of the
vth layer being I,, its P velocity being v,, and
the inclination of the ray N’Q to the vertical in
the »th layer being 7,. Let & be the thickness of
the bottom layer. Then I, depends on R, but
L+ ,l,and vy, v, -+ , v, do not. If R increases
by 6R, the change in S is

R + 5("2 l, tan 7-,)

v=0

88 =

OR + bz; tan 77 <+ Z 1, sec® 1, o7,

v=0

The change in the travel time is, to first order
in UH and K,',-L,

éT

vy 6R + 6(2 0,7, sec 7',,)

v=0

-1 -1
= vy OR 4+ vo  sec t'éx;
n
-1
+ > 0,7, sec 7, tan 1,87,
y=0

Since »,71sin 7, = vt sin 7,

1

1 -
v, cos 7,07, = vg  cos 7' o7’

Thus
88 = R + bz tan v’ + o7 cot 72

and
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vudT = 0R + dz3sec 7/ csc 7

+ 87’ cse r cos 7’2

where
z = Z I, sec’ 7, tan 7,
»=0

Therefore

as _ dzs , oy o7 ’

iR = 1+dR tan 7 +dR cot 7’2
and
vM% =1 —I—%sec 7’ csc T

dr’ ,
+ T cos 7’ csc 72
Since dz,/dR and dr'/dR are of first order in
k:;L and 7; correct to that order

-1 dS
Un ﬁ =

dzg

1+dR

(tan 7" — sec 7’ csc 7)

dr’ , ,
+ R (cot 7' — cos 7/ esc 1)

On the right in the foregoing equation setting
t = 7' produces only a second-order error, so
finally, from (33),

vual®) _ . dzs
vy 1 dR cobt 7

which is correct to first order in »; and «,;L.
It is interesting that the variation of 7' with R
cancels out of the final result, leaving only the
direct effect of the variation in the depth to the
M discontinuity.

There remains only to set 2, = (R + p) cos @,
zs = (R -+ p) sin ¢ in (31), to differentiate with
respect to R, and to substitute into (39). The
result is (34).

Equation 34 gives the effect of a slightly
sloping, slightly warped M discontinuity when
the crust is otherwise horizontally stratified and
all materials are isotropic. Now consider the
effect of slight horizontal variations in the
properties of an isotropic crust and ocean, the
M discontinuity being a horizontal plane and
the uppermost mantle being isotropic and
homogeneous. The properties of the ocean and
crust are assumed to be described by (32). When
a; and B,; are zero, the ray (path of stationary

(39)
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time) which descends from P to the M disconti-
nuity, travels along the M discontinuity, and then
ascends to @ will lie in a vertical plane. This ray
we call the ‘anperturbed’ ray. When vy~'L {|ox|)
and vy, 1L2 (|B;;]) are small but not zero, the
path of stationary time differs slightly from the
unperturbed ray; we call it the ‘perturbed’ ray.
If a; and B;; were zero, the travel times along
the perturbed and unperturbed rays would be
the same, to first order in the perturbation.
Therefore the actual travel time along the
perturbed ray can be obtained correctly to first
order in v, L {|a;|) and vy~1L® (|8,;|) by inte-
grating (32) along the unperturbed ray. Differ-
entiating the result with respect to distance from
the fixed anchor point P to the variable point @
gives (36), with coefficients defined in (37) and
(38).

Note that if slope and curvature of the
M discontinuity, horizontal velocity variations,
and anisotropy are all present but small, their
cumulative effect is obtained by adding the
corrections for their three separate effects
obtained from (19), (34), and (36).
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