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Two-point raytracing

3D Ray field

X(71, 72, T) = XR

71, 7, initial angles, z independent monotonic parameter along the ray

nonlinear system of 3 equations with 3 unknowns



Point-to-curve raytracing (Hanyga and Pajchel, GP, 1995)

Profile plane f,(x,y,z,)=0

Target plane f;(Xx,y,z)=0

3D Ray field up to target plane

f1(X(1,72,7)) =0

(solve for 75 = 7)

Distance from profile plane

f,(X(71, 72, 70))

F(rn, 72) = f2(x(, 72, 70)) =0

nonlinear system of 1 equation with 2 unknowns

implicit plane curve



Horizontal shot profiling
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Vertical seismic profiling (VSP)
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Exploding reflector modeling
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SOIution Of F(}’l, }/2) =0

* implicit curve tracing
i D’ll:l: D:yllj
dq ,O [F, 0O

q parameter along curve.

Predictor-corrector, because first integral is known.

Predictor-corrector

Bifurcation Isolated branches



» Contouring of F(y4, 1)
» Algebraic rasterization

(An Accurate Algorithm for Rasterizing Algebraic Curves and Surfaces, by G. Taubin.
IEEE Computer Graphics & Applications, March 1994.)

-

Rasterizing Algebraic Curves
and Surfaces




condion for zeros of the assoqaied polynceal n the box, 8 dif-
ficult problem*). | il rodeced 8 much less computationally ex-
pemsive Lest based on a simple polynomial inequality, This
ac-or-maybe test can determune that a polynomial does not
have roots insade a circle, although an cmpty circle could pass
the test, You can lest syuares by westing the circurmsenibed cir-
cles. Squares that do not pass the test can be salely discarded
b the curve might st cut the squares that pass the test. How-
@vr, lhe test is asymiptotically correet naar regular points of al-
gebraic curves: the results are rendered curves of constant width
m the neighborhood of regular points. Figare | shows some ex-
amples of algebraic curves rendered with this slgorithm.

Figure 1. Fuammples of ulgebrak corves raserieed with the algorithm
described clsewhere,” on a grid of 512 = S12 pixels. Note that isolated
zevos wnd singularities of low erder are corvedly rendered. but

bt haads of cingy thicker. The curve ou the kowes
vl cormer i thve i of Bree dcumference. bl ull the puioks o
wwe ool themn e cimguilar

Figure 1. The sume algebraic curves as in Figure 1, rasterived with the
algoriihm described in fhis arficle. Nole the corves have constani
whdth, £ ven in the pelghborbods of sngular paine.
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with this new algorithm. Note that neighborhoods of smgular
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Figure: 1. Il uigorithen far rendering e curse £00) = i, v 2
Az b= 0] e squinre of side o comtered ol the poist ja, o B, ©, 8)
dentes the symare o (0x, v) s manile - ol by - olf < B),

Recursive subdivision
Figure 3 describes am ideal algorithm for rendening an alge
braic curve

Efy=Nry): Ax.y)=0

im the squan: box of e o contered ol the pomt p s o, v) The
algoriihie sans U squars anod painis only B piacks o by the
curve This algorithm is weal. becasse every correct algorithmm
shawld paim exactly the same pimek. bu it = impracrical. Jure-
quires a” best evaluations, one for each paxel in the squarc. How -
ever, since in general it will be rendering & curve on a planar
region. the nember of pixels it is expected vo paint is enly Gia).
We need a more efficient algorithm,

There are two ssues focxamme. The firsl s how o reduce the
commpuaiomal compleity by recarsave subdrosaon. The sec-
o, descussed i the sexl secton. s hiw 1o lesd  hether the
curve Fif] culs a square.

We can reduce the number of test evalua tons easily using the
recursve space-su hdivi sion scheme described in Figure 4. where
o 19 sssmmed 1o be a powcr of 2 The ranonale behind rhis al-
porithm i very simple. I starts by considering vhe inmal squarc
regson as a single pixel. Then, cvery square regson that prewi-
ously satrstied the et for s resolstion s dwsded inte four
ecpual sezed sqpuare reppans, whach are ihen fesied. The squares
thal pass the distance lest ame bept in 8 stack. Eadh ileration
halves the sades of the squares. when the squane negons be-
come single pixels. the deration stops and the prels are painted.

Tests for zeros of an
curve

This section tmckies Uhe problem of wsting whether the alge-
braiic curve £{f) defimed by a polynomial of twe vanables fle, v
intersects the: box B{is. v). 81 = W, v ) manfly = wl, by =) < 8
Tests than give a yos ar po answer. that k. wesis for necessary and
sufficiem conditions frr the curve i interseot the bos, exist®
However, they are compuianonally very cxpensive, mvobing
elmmnabiom techmegues. and profably nel nemenca iy well be-
haved Yo consld we s preoxme e tesis isbeads e mann prok-
lem with approximaie tesis, though. is proving the comecness
ofthe sigorithm. An approvimate test should satisfy three main
properties. First. n should never discard & box that muersects the
curve: otherwise. parts of Use curve could be misomg. That i the:
ekl dhoukd be a saffcient condithon Bor & Curve Aol 1o intersect
the o Secomd. i should be asympiotica by correct; that i, of
& ban does not intersect the curve and is not rejected by the
sk, afier o numbeer af subdverman steps all the resullimg sub-
horges shouidd be repecked Thind, and very rauch related 1o the
previous property, i should render carves of approsimately
comstant width

The lnst two propertics are ddficul® 1o achieve, w particular
when close o sngular points, There is also the issuc of how
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well the test performs in praciics, because cven il it is asymp-
1ohcally correct. 1 could comverge very shosly.

Morw | woll ey descrihe & shighily mosdified verson of &
test that | recently intraduced.” It fhed e Bwsl properly
and the scoond and third eaes in the neighborbonds of the neg-
wlar points af the curve. The test fails Lo discard snough pisels
chose tosinau lar points. resulting in thicker regions. That is, the
widdth of the rendored curve incTeascs in the acighborhaod of
singular poimts. Figure | bas alrcady shown us examples of al-
gehraic curves rendered with the reeursivie subdavision alge-
vithm of Figure 4. wsing thes test. [ 1hen modity the test urther
e correci is behavior near singular pomis. Thas s the maim
ik st i oo Bliis @ pfche.

Nte thal by first transkt g the ongen 10 {u. v]. it 5 by ex-
pranding the potyeomial i Tayior series a rond (@, ). the prob-
o reduces ko the case (w. v) =0l i), An cfficent algorithm for
wansiormang the pelynomial

flar= 3 f'y
ey in

wheve d is the degree af f w the form

= e-wy-v)= T fle-wf{p-u)

[ SR ]

18 Horner's algorthm ' CGroing from Equatios 110 Eguanen X is
exguiviahent (i vail wmsiarg Chie pasborsmul s b ot partal derivee
wves a1 fe, v) Hormer's slgorithm requires (e’ operations,
where m is the nwmber of onefficsents of the polynomial. To
evaluate s pohynomial in Bernstein form requires the same or-
der of operatwns.

Sen, froan e cm e will conoenilrale on Rnding & slficienl
condsbion fou the polysonal i Equation | ol fo have seros in
thac: o 000, 8 = [ix. v} e vl = 8 we can assume that
AL U = fy, @ 00, Bocaume: atherwise the curve clearly imtersects the
box, The approach is as follews: Construc a polynammal of ong
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* Lipschitz condition

[F(y)-F@)I <Ly =71l
where y = (1, 72)

Recursive triangulation of y plane, rejecting triangles for which Lipschitz condition
predicts there is no solution.
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